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On Zeta Functions and Families of Siegel Modular Forms 

Alexei PANCHISHKIN 



Abstract 

Let p be a prime, and let F — Spg(Z) be the Siegel modular group of genus g. We study 
p-adic families of zeta functions and Siegel modular forms. 

L-functions of Siegel modular forms are described in terms of motivic L-functions attached 
to Spg, and their analytic properties are given. Critical values for the spinor L-functions and 
p-adic constructions are discussed. Rankin's lemma of higher genus is established. A general 
conjecture on a lifting from GSp2m x GSp2m to GSpim (of genus g = 4m) is formulated. 

Constructions of p-adic families of Siegel modular forms are given using Ikeda-Miyawaki 
constructions. 
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Introduction 





The present artical is based on some recent talks of the author, especially the talk in Moscow Uni- 
versity on February 2, 2007, for the International conference "Diophantine and Analytical Problems 
in Number Theory" for 100th birthday of A.O. Gelfond. 

Let r — Spg(Z) C SL2g(Z) be the Siegel modular group of genus g. Let p be a prime, T(p) — 
T(l, • • • , l,p, • • • ,p) the Hecke p-operator, and [p]g = pl2g — T(p, • • • ,p) the scalar Hecke operator 

a g 2g 

for Spg. 

We discuss the following topics: 
1) L-functions of Siegel modular forms 
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2) Motivic i-functions for Sp^, and their analytic properties 

3) Critical values and p-adic constructions for the spinor L-functions 

4) Rankin's Lemma of higher genus 

5) A lifting from GSp2m x GSp^m to GSp4m (of genus g = 4m) 

6) Constructions of p-adic families of Siegel modular forms 

7) Ikeda-Miyawaki constructions and their p-adic versions 

2 L-functions of Siegel modular forms 

The Fourier expansion of a Siegel modular form. 

Let / = a(T)(j'^ e MJ! be a Siegel modular form of weight k and of genus n on the Siegel 
7eBn 

upper-half plane Mn = {z € M„(C) | Im(^) > 0}. 

Recal some basic facts about the formal Fourier expansion of /, which uses the symbol 

n 

= exp(27ri tv{7z)) = [] q^^' [] ql 



2Ti. 
iij 

i<j 



e C[gii, . . . ,gr„„][gjj, qi/]i,j=i,-- ,m, where qij = ex.p{2'K{^/^Zij)), and T is in the semi-group 
B„ = {T = *T > 0|T half-integral}. 

Hecke operators and the spherical map 

Recall that the local Hcckc algebra over Z, denoted by Ln,z = ^[T(p), Ti(p^), . . . , T„(p^)], is 
generated by the following n + 1 Hecke operators 

T{p) ■.= T{l^_^,p^_^, 

n n 

Ti(p2) :=T(l,...,l,p,...,p, p^. . .,p^ ,p,...,p), i = l,...,n 

n—i i n—i i 

T„(p2) = [p] = [p]^ = T(p, ...,p)= pl2n and the spherical map O : £„,q = Q[T{p), Ti(p2), . . . , T„(p2)] 
Q[xo, Xi, . . . , Xn] is an a certain injective ring morphism. 

Satake parameters of an eigenfunction of Hecke operators 

Suppose that / € an eigenfunction of all Hecke operators f i — > f\T, T G iin,p for all primes p, 
hence f\T = Xf{T)f. 

Then all the numbers A/(T) G C define a homomorphism A/ : iin,p — > C given by a (n -|- 1)- 
tuple of complex numbers (ao, ai, ■ ■ ■ , an) = (C^)""*"^ (the Satake parameters of /), in such a way 
that 

A/(T) =f7(T)(ao, ,an). 
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In particular, one has 

A/([p]) = a2^i---a„=/"-"("+i)/2 

n 

^/(T(p)) f^(T(p)) = Q!o(l + ai) • • • (1 + «„) ^aoSj(Q;i,a2, . . . ,q;„) . 

L-functions, functional equation and motives for Sp„ (see [Pa94| . [YoshOl] ) 

One defines 

n 

• Qf^p{X) = {l-aoX)l[ l[ (1 -aoa., •••a.^X), 

r— 1 l<zi<---<2,,<n 

n 

• = (1 - X) n(i - «r'^)(i - «^^) e Q[a^\ • • • , a^^im. 

Then the spinor L-function L{Sp{f), s) and the standard L-function L{St{f), s,x) of / (for 
s € C, and for all Dirichlet characters) x are defined as the Euler products 

. L{Sp{f),s,x) ^l[QfAx{p)p~T' 

p 

• Listif),s,x) ^Yl^fAxip)?-^-' 

p 

3 Motivic L-functions for Sp„, and their analytic properties 
Relations with L-functions and motives for Sp„ 

Following |Pa94j and [YoshOlj . these functions are conjectured to be motivic for all k > n: 

L{Sp{f),s,x) ^ L{M{Sp{mx),s),L{St{f),s) ^ L{M{St{mx),s), where 

and the motives M{Sp{f)) and M{St{f)) are pure if / is a genuine cusp form (not coming from a 
lifting of a smaller genus) : 

• M{Sp{f)) is a motive over Q with coefficients in Q{Xf{^^))n&^ of rank 2", of weight w = 
kn — n{n + l)/2, and of Hodge type (Bp.qH^''', with 

p^{k-ii) + {k-i2)^ h(fc-v), (3.1) 

Q ~ {k - ji) + (fc — ^2) + • ■ ■ + (fc — is), where r + s ^ n, 
I < h < 12 <■■■< ir < n,l < ji < j2 <■■■< js < n, 
{h, ■ ■ ■ ,ir} U {ji, ■■■ ,is} = {1,2, - ■ ■ ,n}; 

• M{St{fj) is a motive over Q with coefficients in Q(A/(n))„gN of rank 2n+l, of weight w — 0, 
and of Hodge type (iJ-'''+*''=-* ® jjk-t,-k+ty 
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A functional equation 

Following general Deligne's conjecture |De79j on the motivic L-functions, the L-function satisfy a 
functional equation determined by the Hodge structure of a motive: 

A{Sp{f), kn - n{n + l)/2 + I - s) = e{f)A{Sp{f), s), where 
A(5p(/),s) =r„,fe(s)L(5p(/),s),e(/) - 

ri,fe(s) = Tcis) = 2(2^)-^r(s), r2,fc(s) = rc(s)rc(s - fc + 2), and 

r„,fe(s) = np<grc(s — p)rg^(s— (u;/2))rR(s + 1 — (10/2))"- for some non-negative integers a_|_ and 

a-, with a+ + a- = w/2, and Tr{s) = 7r"*/2r(s/2). 

In particular, for n = 3 and k > 5, this conjectural functional equation has the form A{Sp{f), s) = 
A{Sp{f), 3k — 5 — s), where 

AiSpif), s) = rc(s)rc(s -k + 3)rc(s -k + 2)rc(s -k + l)L{Sp{f), s). 

For fc > 5 the critical values in the sense of DeHgne [DeTO] are : 

s = fc,-- - ,2fc-5. 

A study of the analytic properties of L{Sp{f),s) 

(compare with |Vo) ). 

One could try to use a link between the eigenvalues A/(T) and the Fourier coefHcients a/(T), 
where T G T>{T, S) runs through the Hecke operators, and T S i3„ runs over half-integral symmetric 
matrices. It was found by A.N.Andrianov (see |An67j ) that 

w = £t(/)x^ = |§1, 

where 

EiX) 

= 1 - / (T2(/) + (/ - P+ 1)(/ + P+ l)[p]3) X' + {p+l)p^Tip)[p]3X' 
- /[p]3 (T2(p2) + (p2 _ p + l)(p2 + p + l)[p]3) +pl5[p]3 X« £ £zm. 

Computing a formal Dirichlet series 

Knowing E{X), one computes the following formal Dirichlet series 

oc 

De{s) = Y,TE{h)h-' = l[DEAP'n, where 

h=l p 

DeJx) = f2TE{p')x' = = e D(r,5)ixi. 
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Main identity 

For all T one obtains the following identity 

oc 

a/(T)i(S'p(/),s) = ^a/('J,^;,/^)/^-^ where 

h=l 

f\TEih)= J2 ^fi7,E,h)q^. 

Indeed, one has 

C50 

f\TE(h) = Xf{TE{h))f, andL(5p(/),s) = ^A/(Ti^(/^))/^-^ hence 

h=l 

oo oo 

Y,mEih)h-' = L{Sp{f),s) ■ f = Y, E cif{7,E,h)h-'q^, 

h=l h=17(EB„ 

and it suffices to compare the Fourier coefficients. Such an identity is an unavoidable step in the 
problem of analytic continuation of L{Sp{f), s) and in the study of its arithmetical impHcations: 
one obtains a mean of computing special values out of Fourier coefficients. 

For the standard L-function L{St{f), s), (see |Pa94j . [CourPaj . and |Boe-Schm] l. 

4 Critical values, periods and j9-adic L-functions for Sp3 
Critical values, periods and p-adic L-functions for Sp3 

A general conjecture by Coates, Perrin-Riou (see [Co-PeRi], [Co], |Pa94) ). predicts that for n = 3 
and fc > 5, the motivic function L{Sp{f), s), admits a p-adic analogue. Let us fix an embedding 

ip '■ Q ^ Cp — Qp, and let ao(p) be an inverse root of Q f,p with the smallest p- valuation. 

• The Panchishkin condition (see |Ha-Li-Skj . |Pa94j . |PaAnnIF94j l for the existence of bounded 
p-adic L-functions in this case takes the form ordp(ao(p)) = (ao(p) is an inverse root with 
the smallest p- valuation) . Recall that this condition says: 

for a pure motive M of rank d, 

Newton p-polygone at (d/2)=Hodge polygone at (d/2) 

• Otherwise, one obtains p-adic L-functions of logarithmic growth o(log'*(-)) with h = [2ordp(Qo(p))] + 
1, 2ordp(ao(p)) = the difference 

Newton p-Polygone at (d/2)-Hodge Polygone at (d/2) 

For the unitary groups, this condition for the existence of p-adic L-functions was discussed in 
|Ha-Li-Sk) . 

5 Rankin's Lemma of higher genus 

Our next purpose is to evaluate the generating series 

6=0 
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in terms of Hecke algebra generators £2,2 '9 ^2,z- 

l®T(p), l®Ti(p2), I0[p]. 



Theorem 5.1 ( |PaVaRnk| ) For genus n = 2, we have the following explicit repre- 
sentation 



R{X) 



Dl'''\X) = J2Tip')0T{p')X' = (1 -/[p] ® [p]X')j^ 

(5=0 ^ ^ 



, where 



R{X) = 1 + r-iX + ... + ri2X^^, with n = rn = 0, 

5(x) = 1 + + . . . + Sl6xl^ 

i?(X),5(X)G£2,Z®'C2,z[^], 

where ri and Si are given in the Appendix of }Pa VaRnMj 



Here we give the Newton polygons of R{X) and S{X) with respect to powers of p and X (see 
Figure [1]). It follows from our comutation that all slopes are integral. We hope that these polygons 



Figure 1: Newton polygons of R{X) and S{X) with respect to powers of p and X, of heights 34 
and 48, resp. 





could help to find some geometric objects attached to the polynomials R[X) and S{X), in the spirit 
of a recent work of C.Faber and G.Van Der Geer, ^FVdGj . 

A half of coefficients: sg, . . . , sie can be found using this simple functional equation : 
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Proof: Recall that 

2 

XqXiX2 „2 

oo i — -A 



^n("=2)(T(/))x* = -— 



p 



(1 - XqX) (1 - xoa;iX)(l - X0X2X) (1 - 3;oa;ia;2X) 

From this series it is possible to obtain a formula for f2(T(p*)) considering four geometric progres- 
sions 

00 -| 00 

1^1=0 1^2=0 

1 - XQX-2.X ^ 1 - XQXYX2X 

+ pa;^^^''-'a;2^^''-' + pxx — px2 — a;J^'''''^X2 + x^^ X'2 ~\~ X X *^2 



,2^(2+5) 



Xix''2~^^^ - x\x2 + Xix\)/{{1 - Xi){l - X2){1 - XiX2){Xi - 2:2)) 



= -p ^xl{{l - XiX2){pXi - X2)x^i^^^ + (1 - XiX2){Xi - pX2)X2^^'' 
- (1 - pXiX2){xi - X2){xiX2)^^^^'' - {p- XiX2){xi - X2)) / 

((1 - a;i)(l - X2){1 - xiX2){xi - X2)). 



Tensor product of local Hecke algebras 

We use a second group of variables yoiyi,y2 and Q,y in order to obtain a tensor product of local 
Hecke algebras 

O^"^ (g) n^y^ : ® £,„,Q <Q[xo,xi, . . .,Xn;yo,yi, ■ ■ ■,yn], et 
n^^Hn/)) := n(^\Tip')%=y 

The product of two polynomials Q'^\t{p^)) and Ct^\T{p^)) is computed straightforward : 

fif (T(/)) . n(^\Tip'))=p-'xU(pxf^'^X2 -px^r'^-pxf^'^x^'^ 

(2+5) (3+5) (3+5) , (2+5) , (2+5) 2 , (1+5) 

+ PX\ X2 — PX1X2 + PX2 +pXi—pX2—x\ X2+X\ X2 

~|~ X-^ X'2 X-y H~ X-^X'2 X\Xi2 ~\~ X^X^^ 

X {pyr''y2-py^^-'''-py['^%i'^'' +Py['^%r'' -Pvwr'' 

(2+5) , (2+5) 2 , (1 + 5) , (2+5) (1+5) 

+ py2 + pyi - PV2 -Vi y2+ y\ y2 + yl ^2 

(1+5) (2+5) , 2 (2+5) (1+5) 2 , 2\ / 

-Vi 2/2 +2/12/2 -2/12/2 -2/12/2 + 2/12/2)/ 

((1 - a;i)(l - X2){1 - xiX2){xi - X2){1 - 2/i)(l - 2/2)(l - 2/i2/2)(2/i - 2/2)) 
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Summation of obtained expression give the following result : 

oo 



+ 



(pxi - X2)(l - p yi y2) x\ yi y2 




(1 


- Xl) 


(1 


- X2) (xi 


- X2) (1 - yi) (1 - y2) (1 - y\ y^) (1 - 

X2 2/1 (xi -pX2) (P2/1 - 2/2) 


- xo XI 2/0 2/1 2/2 ^) 




(1 


— x\) 


(1 


- X2) (xi 


- X2) (1 - J/l) (1 - 2/2) (2/1 - 2/2) (1 - 

X2 2/2 (Xl - PX2)(2/1 - P2/2) 


TO X2 2/0 2/1 -'f ) 


p2 


(1 


— x\) 


(1 


- X2) (xi 


- Xl) (1 - 2/1) (1 - 2/2) {yl - y-i) (1 - 

X2 2/1 2/2 (xi - px2) (1 - p 2/1 1/2) 


xo 2/0 X2 2/2 X) 


p2 


(1 


- 


(1 


- X2) (Xl 


- X2) (1 - 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 - 
XI (p XI - X2) (p - 2/1 2/2) 


- xo X2 2/0 2/1 2/2 ^) 


p2 


(1 


- Xl) 


(1 


- X2) (Xl 


- X2) (1 - 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 - 
Xl X2 2/1(1 -pxi X2) (P2/1 - 2/2) 


- xo XI 2/0 ) 


p2 


(1 


- Xl) 


(1 


- X2) (1 - 


- Xl X2) (1 - 2/1) (1 - 2/2) (2/1 - 2/2) (1 - 

Si 3:2 »/2 (1 - P 3;i X2) ('i'l - P 2/2) 


- xo Xl X2 2/0 2/1 -'^) 




(1 


- Xl) 


(1 


- X2) (1 - 


- XI X2) (1 - 2/1) (1 - 2/2) (2/1 - 2/2) (1 - 
2/1 2/2 (p - Xl X2) (1 - p 2/1 2/2) 


- xo XI X2 2/0 2/2 ^) 


2 

p 


1 


- Xl) 


1 


- X2) (1 - 


- Xl X2) (1 - 2/i) (1 - 2/2) (1 - 2/1 2/2) (1 
Xl X2 (1 - p Xl X2) (p - 2/1 2/2) 


- xo 2/0 2/1 2/2 A ) 




(1 


- Xl) 


(1 


- X2) (1 - 


- Xl X2) (1 - 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 

Xl 2/1 (pxi - X2) (p2/i - 2/2) 


— Xo Xl X2 2/0 -'^) 


p2 


(1 


- Xl) 


(1 


- X2) (xi 


- X2) (1 - 2/i) (1 - y2) (2/1 - 2/2) (1 - 
Xl 2/2 (p Xl - X2) (2/1 - p 2/2) 


TO XI 2/0 2/1 ^) 


p2 


(1 


- Xl) 


(1 


- X2) (xi 


- X2) (1 - 2/1) (1 - 2/2) (2/1 - 2/2) (1 - 
X2 (xi -px2) (p - 2/1 2/2) 


TO XI 2/0 2/2 ^) 


p2 


(1 


- Xl) 


(1 


- X2) (xi 


- X2) (1 - 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 - 

Xl X2 2/1 2/2 (1 - P Xl X2) (1 - p 2/1 2/2) 


- xo X2 2/0 -'f ) 


p2 


(1 


- XI ) 


(1 


- X2) (1 - 


- XI X2) (1 - y\) (1 - 2/2) (1 - 2/1 2/2) (1 
(p- XI X2) (p - 2/1 2/2) 


- xo XI X2 2/0 2/1 2/2 -'S^) 


p2 


(1 


- Xl) 


(1 


- X2) (1 - 


- Xl X2) (1 - 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 
2/1 (p - Xl X2) (p2/i - 2/2) 


- xo 2/0 ^) 


p2 


(1 


- Xl) 


(1 


- X2) (1 - 


- Xl X2) (1 - yi) (1 - 2/2) (2/1 - 2/2) (1 - 
2/2(p-xiX2)(2/l -P2/2) 


- xo 2/0 2/1 ^) 


p2 


(1 


- Xl) 


(1 


- X2) (1 - 


- XI X2) (1 - 2/1) (1 - 2/2) (2/1 - 2/2) (1 - 


- xo 2/0 2/2 ^) 



Properties of the image (fif^) ^ o(2))(£)a.i)(j5^^) 

We checked by an expUcit computation that the polynomials, which do not depend of X in 
the denominator of the image (fi^^^ fi(^))(£'p^'^^(X)), disappear after simplification in the ring 
Q[a;o,a;i, 0:2,2/0)2/1, 2/2]!-^], and the common denominator becomes : 

(1 - yaX) (1 - .To 2/0 -^i X) (1 - xo 2/0 2/i ^) (1 - a^o 2/o 2:2 ^) (1 - 2/0 2/2 X) 
(1 - Xo 2/0 a;i 2/1 ^) (1 - ^ Ho xi X2 X) (1 - xq 2/0 a;i 2/2 X) (1 - xo 2/0 2/1 2:2 -'^) 
(1 - xo 2/0 2/1 2/2 ^) (1 - xo 2/0 2:2 2/2 X){1-xq 2/0 a;i 2/1 2:2 X){1-xq 2/0 a:i 2/1 2/2 X) 
(1 - xo 2/0 a;i X2 2/2 X) (1 - xb 2/0 2/i 2:2 2/2 X){1- xq 2/0 a;i 2/1 2^2 2/2 
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Moreover, we found that the numerator consists of the factor (1 — .XQt/o2;iJ/ia;2j/2^^) and a poly- 
nomial in X of degree 12 with coefficients in Q[xo, xi,X2, yo, yi, j/2] (the constant term is equal to 1 
and the main term is p~'^ x^ y^^ x\x2yiy2X^'^) . We also found that the factor of degree 12 does not 
contain terms of degree 1 and 11 in X. 

It follows that (f2(2) ® = i.^-^lylW2y2X^)R.,v{X) ^ ^^^^^ ^^^^^^^ ^ 

Ox,v[X) 

1 + r2,x^yX'^ + • • • + rio,x,3/Xio + ri2,x,y^^^ and Sa:,y{X) = 1 + Si,x,y^ + • • • + si6,x,j/^^^ e 
'Q[xo,xi,X2,yo,yi,y2,X\. 

Expression through the Hecke operators 

Knowing the coefficients of S'a;^y(X) G '!^[xo,xi,X2,yQ,yi,y2, X] (the images under Vlx®Q.y) 
one can reconstruct R{X) = l + r2X'^^ hrioX^o + ^2X^2 g{^x) = l + SiXH \-sxqX^^ G 

'C2,Z ^2,z[X]. 

Using the images of the generators 

Ox(T(p)^°Ti(p2)^^ [p]^^)f2^(T(p)''°Ti(p2)''^ [p]'*^), 

we build and solve a linear system of undetermined coefficients -fi'Ao,Ai,A2,/*o,Mi,/i2 expressing all 
monomials nxiTipf°T^{p''f'[p\^')fly{T{pf"Ti{p''f'[pf'), up to degree 12 for Ra^,y{X) (< 16 
for Sx,y{X)) in Xo and in yo- D 

Comparison with the case of genus n — 1 

The factor (1 — x^y^ x\y\X2y2X'^) of degree 2 in X is very similar to the one in case of g = 1 : 



~ - 5=0 

1 yi 



5=0 5=0 ' ^1 1-2/1 



(1 - xi) (1 - 2/1) (1 - xq yo X) (1 - xi) (1 - yi) {I- xoyo yi X) 

Xi , xi yi 



(1 - xi) (1 - yi) {I - Xoyo xi X) (1 - xi) (1 - j/i) (1 - xo yo xi yi X) 



l-x^Vo yi X'^ 

(1 - Xo yo X){1 - xoyoXiX){l - Xo yo yi X) (1 - xo yo xi yi X) ' 



00 

E r(/) T(p*) = (1 - / [p] ^ [p]x2) X 

5=0 

X (1 - T{p) ® T{p)X + {pT{pf ® [p] +p[p] T{pf - 2p^[p] O [p])X^ 
-/T(;,)[p] ® T(p)[p]X3 +/[p]2 ^ [p]2x4)-i . 
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6 A lifting from GSp2m x GSp2m to GSp^m of genus g = 4m 
Motive of the Rankin product of genus n = 2 

Let / and g be two Siegel cusp eigenforms of weights k and I, k > I, and let M{Sp{f)) and M{Sp{g)) 
be the (conjectural) spinor motives of / and g. Then M{Sp{f)) is a motive over Q with coefficients 
in Q(A/(n))„eN of rank 4, of weight w = 2fc-3, and of Hodge type ii-o.2fe-3(^^fe-2,fc-i(j^fc-i,fc-2(j 
^2fc-3,o^ and M{Sp{g)) is a motive over Q with coefficients in Q(Ag(n))„gN of rank 4, of weight 
w = 2l-3, and of Hodge type if0.2/-3 jji-2,1-1 ^ jji-iA~2 ^2/-3,o^ 

For another Siegel modular form, an eigenfunction of Hecke operators g G Mf consider the 
corresponding homomorphism Xg : Ln^p — > C given by its Satake parameters (/3o, Pi, - ■ ■ , Pn) of g, 

and let Xf Xg : Ln^p (g) Ln,p — > C 

The tensor product M{Sp{f)) (g) M{Sp{g)) 

is a motive over Q with coefficients in Q{Xf{n),Xg{n))neti of rank 16, of weight w — 2k + 21 ~ 6, 
and of Hodge type 

jjQ,2k+2l-6 jjl-2,2k+l-4 ^ jjl-l,2k+l~5 ^ ^2/-3,2fc-3 
jjk-2,k+2l-A ^ j^k+l-A,k+l-2 ^ jjk+l-3M+l-3 ^ j^k+2l-5,k-l 
jjk-l,k+2l-5 jjk+l-3,k+l-3 ^ jj-k+l-2M+l-4 ^ jjk+2l-4,k-2 
jj2k-3M-3 jj-2k+l-5,l-l jj2k+l-Ad-2 ^ ^2fc+2i-6,0 



Motivic L-functions: analytic properties 

Following Deligne's conjecture |De79j on motivic L-functions, applied for a Siegel cusp eigenform 
F for the Siegel modular group Sp4(Z) of genus n = A and of weight fc > 5, one has A{Sp{F), s) = 
A{Sp{F), 4fc - 9 - s), where 

A{Sp{F),s) = rc(s)rc(s - A: + 4)rc(s -k + 3)rc(s - A; + 2)rc(s - fc + 1) 
X rc(s - 2fc + 7)rc(s - 2fc + 6)rc(s -2k + 5)L{Sp{F), s), 

(compare this functional equation with that given in |An74j . p. 115). 

On the other hand, for to = 2 and for two cusp eigenforms / and g for Sp2(Z) of weights fc, I, 
k>l + l, AiSpif) ® Sp{g),s) = e{f,g)A{Sp{f) Spig),2k + 2l - 5 - s), |e(/,<?)| = 1, where 

A{Sp{f) ® Sp{g), s) = rc(s)rc(s - 1 + 2)rc(.s - / + i)rc(s - fc + 2) 

X Tc{s -k + l)Tc{s -21 + 3)rc(s -k-l + 2)rc(s - fc - ^ + 3) 
X LiSp{f)(g>Sp{g),s). 

We used here the Gauss duplication formula Tc{s) = rR(s)rR(s + 1). Notice that a+ a_ = 1 in 
this case, and the conjectural motive M{Sp{f)) ® M{Sp{g)) does not admit critical values. 
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A holomorphic lifting from GSp2m x GSp2m to GSp^m' a conjecture 

Conjecture 6.1 (on a lifting from GSp2m x GSp2m to GSp^m) Let f andg be two Siegel mod- 
ular forms of genus 2m and of weights k > 2m and I — k — 2m. Then there exists a Siegel mod- 
ular form F of genus 4m and of weight k with the Satake parameters 70 — ao/?o,7i = aij72 — 
a2, - ■■ ,72m = a2)n,72m+i = /?!, ' ' ' ,74m = P2m for Suitable choices ag, ai, • • • , Q!2m andPo,0i, • • • , ^2m 
of Satake's parameters of f and g. 

One readily checks that the Hodge types of M{Sp{ f)) ® M{Sp{g)) and M{Sp{F)) are the same 
(of rank 2*™^ (it follows from the above description 113.1]} . and from Kiinneth's-type formulas). 

An evidence for this version of the conjecture comes from Ikeda-Miyawaki constructions ( [IkeOl) . 
|Ike06j . |Mur02) ): let k be an even positive integer, h g <S'2fc(ri) a normahzed Hecke eigenform of 
weight 2k, F2„ G S'fc+n(r2n) the Ikeda lift of h of genus 2n (we assume k = n mod 2, n e N). 

Next let / G Sk+n+riJ'r) be an arbitrary Siegel cusp eigenform of genus r and weight fc + n + r, 
with n, r > 1. If we take n — m,r = 2m, k := k -\- m, k -h n + r := k -\- 3m, then an example of the 
validity of this version of the conjecture is given by 

if, 9) = {f,F2m{h)) 1-^ S'h.J e Sk+3m{T4m), 
{fj9) = {f,F2m) G 'S'fe+3m(r2m) X -Sfc+m (r2m ) ■ 



Another evidence comes from Siegel-Eiseinstein series 

/ = El"^ and g = EI^,^ 
of even genus 2m and weights k and k — 2m: we have then 

ao = l,ai=P ,---,a2rn=P , 

o _ -I a 4m a _ fe-2m-l 

PO — i-:Pl—P ,---,P27n—P , 

then we have that 

70 = 1,71 =/""",••• ,72m 
are the Satake parameters of the Siegel-Eisenstein series F ~ -E^™ . 



Remark 6.2 If we compare the L-function of the conjecture (given by the Satake parameters 
70 = Q!o/3o,7i = ai,72 = a2,--- ,72m = a2m,72m+i = ,74m = /32m for suitable choices 

ao,ai,--- , Q!2m and Po, Pi, ■ ■ ■ , /32 m of Satake's parameters of f andg), we see that it corresponds 
to the tensor product of the spinor L-functions, and this function is not of the same type as that of 
the Yoshida's lifting ]Yosh81^ . which is a certain product of Hecke 's L-functions. 

We would like to mention in this context Langlands's functoriality: The denominators of our L- 
series belong to local Langlands L-factors (attached to representations of L-groups) . If we consider 
the homomorphisms 

^GSp2rn = GSpin{Am + 1) ^ ^GSpim = GSpin{8jn + 1) ^ 0X2-1™, 
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we see that our conjecture is compatible with the homomorphism of L-groups 

GL22,^ X GL22,„ ^ GL^irr., (51,52) ^ 51 (»52,Gi„(C) ^ ^GL^. 

However, it is unclear to us if Langlands's functoriality predicts a holomorphic Siegel modular form 
as a lift. 

7 Constructions of p-adic families of Siegel modular forms 
Constructing p-adic L-functions and modular symbols 

Together with complex parameter s it is possible to use certain p-adic parameters in order to 
construct L-functions and modular symbols. We study such parameters as the twist with Dirichlet 
character on one hand, and the weight parameter in the theory of families of modular forms on the 
other. An operation of the twist by a Dirichlet character is a fundamental operation concerning 
the formal power series, and the p-adic variation of such character gives an analytic family of 
modular forms. One computes the modular symbols related to an automorphic representation tt of 
an algebraic group G over a number field, using the twists of automorphic L-functions L(s, tt® ^) 
with Dirichlet character x- We represent their special values as integrals giving both complex- 
analytic and p-adic-analytic continuation. We construct analytic families of such L-functions in 
cases G = GL2 x GL2 x GL2, G — GL2 x GSp2„, G — GSp2„j x GSp2m using the doubling method 
and its p-adic versions, which expected to work also for overconvergent families of automorphic 
forms, and already developed in simpler situations G — GL2 by R. Coleman, G. Stevens and others. 

A ]9-adic approach 

Consider Tate's field Cp = Qp for prime number p. Let us fix the embedding Q ^ Cp and consider 
the algebraic numbers as numbers p-adic over ip. For a p-adic family k t—f fk — X^^i o.n{k)q^ £ 
Q|g] C Cp|g], the Fourier coefficients a„(fc) of fk and one of Satake p-parameters a{k) := a^\k) 
are given by the certain analytical p-adic functions k 1-^ an{k) for (n,p) = 1. The archetypal 
example of p-adic family is given by the Eisenstein series. 

a„(fc)- d^-\h^Ek,a^^\k) = l,a(^\k)^p^-\ 

d|n,(d,p) — 1 

The existence of the p-adic family of cusp forms of positive slope cr > was shown by Coleman. 
We define the slope a — ordp (ap^' (fc)) (and ask it to be constant in a p-adic neighborhood of weight 
k) An example for p = 7, / = A, fc = 12, ay = t(7) — —7 • 2392, cr = 1 is given by R. Coleman in 
[C5PB] . 

Motivation for considering of p-adic families 

comes from the conjecture of Birch and Swinnerton-Dyer, see |Colm03j . For a cusp eigenform 
f — f2, corresponding to an elliptic curve E by Wiles |Wi95) . we consider a family containing /. 
One can try to approach k = 2,s — 1 from the direction, taking k ^ 2, instead of s ^ 1, this 
leads to a formula linking the derivative over s at s = 1 of the p-adic L-function with the derivative 
over fc at fc = 2 of the p-adic analytic function ap(fc), see in |CST98j : L'^ j(l) = Lp{f)Lpj{l) 
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with -Cpf/) = —2 — 7; — I, „. The vahdity of this formula needs the existence of our two variable 

ak ' "-' -^ 
L-function, constructed in |PaTVj . 

In order to construct p-adic L-function of two variables (fc, s), the theory of p-adic integration is 
used. The i/-admissible measures with integer H related to a, which appear in this construction, 
are obtained from if-admissible measures with values in various rings of modular forms, in partic- 
ular nearly holomorphic modular forms. Let us describe a typical example related to differential 
operators. 

Nearly holomorphic modular forms and the method of canonical projec- 
tion 

Let yi be a commutative field. There are several p-adic approaches for studying special values of 
L-functions using the method of canonical projection (see [PaTV]). In this method the special 
values and modular symbols are considered as ^l-linear forms over spaces of modular forms with 
coefficients in A. Nearly holomorphic ( [ShiAr] ) modular forms are certain formal series 

00 

<7 = ^a(n;i?)g"e^[g][i?] 

n=0 

with the property for A = C, z = x + iy £ H, B = (47r?/)~-^, the series converge to a C°°-modular 
form over H of given weight k and Dirichlet character ip. The coefiicients a{n; R) are polynomials 
in A[R] of bounded degree. 

Triple products families 

give a recent example of famifies on the algebraic group of higher rank. This aspect was studied 
by S. Boecherer and A. Panchishkin |Boe-Pa2006j . The triple product with Dirichlet character x 
is defined as a complex L-function (Euler product of degree 8) 

Hfi ® /2 ® h, s, X) = n ^((-^1 -^a)?" Xip)p''), 

p\N 

where 

We use the corresponding normaHzed L-function (see |De79j . [Coj . |Co-PeRi] ) : 

A(/i ®h® h, s, x) = rc(s)rc(s - fca + l)rc(s -k2 + l)rc(s - fci + l)i(/i ® ^ ® /a, s, x), 

where rc(s) = 2(27r)^'*r(s). The Gamma-factor determines the critical values s = fci, . . . , k2 + k3 — 2 
of A(s), which we explicitly evaluate (like in the classical formula C(2) = ^). A functional equation 
of A(s) has the type 

s h- !■ fci + fc2 + fcs — 2 — s. 

Let us consider the product of three eigenvalues: A — X{ki, k2, k^) — a^piiki)a'"p\{k2)a'"pl{k3) 
with the slope (T = Wp(A(fci, fc2, fcs)) = cr(fci, fc2, /ca) — ai+a2+<73 constant anrf pos«iiwe for all triplets 
(fci, fc2, fcs) in an appropriate p-adic neighbourhood of the fixed triplet of weights (fci, fc2, /ca). 
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The statement of the problem 

for triple products is the following: given three p-adic analytic families fj of slope (7j > 0, to 
construct a four-variable p-adic L-function attached to Garrett's triple product of these families. We 
show that this function interpolates the special values (s, fci, ^2, ^2) 1 — > ^{fi,ki ® f2M ® fsM'^^ x) 
at critical points s = ki , . . . , k2 + ks — 2 for balanced weights ki < k2 + k?, — 2; wc prove that these 
values are algebraic numbers after dividing by certain "periods". However the construction uses 
directly modular forms, and not the i- values in question, and a comparison of special values of two 
functions is done after the construction. 

Main result for triple products 

1) The function Lf : (s, fci, fc2, ^3) 1— > '^f'TfJ^''^ depends p-adic analyticahy on four variables 

{x-ylM,k2,k^) e X X Si X X Sa;' " 

2) Comparison of complex and p-adic values: for all {ki, k2, ks) in an afHnoid neighborhood 
S = ®i X ®2 X S3 C X^, satisfying ki < k2 + - 2: the values at s = ^2 + fcs - 2 - r 
coincide with the normalized critical special values 

L*{fi,ki ® /2,fe2 O /3,fe3, ^2 + fcs - 2 - r, x) {r = 0, . . . ,k2 + ks - ki - 2) , 

for Dirichlet characters x mod Np" ,v > 1. 

3) Dependence on x & X: let H = [2ordp(A)] + 1. For any fixed {ki,k2,ks) G "B and x = x ' Vp 
then the following linear form (representing modular symbols for triple modular forms) 

(f«,fo), 

extends to a p-adic analytic function of type o(log^(-)) of the variable x e X. 
A general program 

We plan to extend this construction to other sutuations as follows : 

1) Construction of modular distributions $j with values in an infinite dimensional modular tower 
M(V'). 

2) Apphcation of a canonical projector of type iTa onto a finite dimensional subspace M"(V') of 
M"(V). 

3) General admissibility criterium. The family of distributions TTa{^j) with value in M"(V') give 
a ^--admissible measure $ with value in a module of finite rank. 

4) Apphcation of a linear form £ of type of a modular symbol produces distributions fxj = 
£{na{^j)), and an admissible measure from congruences between modular forms TTai^j)- 

5) One shows that certain integrals /Uj(x) of the distributions iij coincide with certain L- values; 
however, these integrals are not necessary for the construction of measures (already done at 
stage 4). 



14 



6) One shows a result of uniqueness for the constructed ^.-admissible measures : they are deter- 
mined by many of their integrals over Dirichlet characters (not all) . 

7) In most cases we can prove a functional equation for the constructed measure (using the 
uniqueness in 6), and using a functional equation for the L-values (over complex numbers, 
computed at stage 5). 

This strategy is already applicable in various cases 

8 Ikeda-Miyawaki constructions and their p-adic versions 
Ikeda's lift 

Ikeda generaHzed in 1999 (see |Ike01) ) the Saito-Kurokawa lift of modular forms from one variable 
to Siegel modular forms of degree 2: under the condition that n = A:(mod2) there exists a lifting 
from an eigenform / G S2k{^i) to an eigenform F £ Sn+k{T^2n) such that the standard zeta function 
L{St{F), s) of F (of degree 2n) is given in terms of that of / by 

2n 

as)Y[L{f;s + k + n-j). 

(it was conjectured by Duke and Imamoglu in |DI98) ). Notice that the Satake parameters of F can 
be chosen in the form /3o , /3i , ■ • ■ , /32n , where 

= pn'c-„(n+l)/2^ ^ <5p-V2(, ^ 1, . . . , = ci" 

and (1 - 5p*=-i/2X)(l - a-i/^^^^^) = 1 - a{p)X + p^f'-^X^ , see ;Mur02| . Lemma 4.1, p.65 (so 
that a = ap^^^l"^ , a = ap^/^"*^ in our previous notation). 

Ikeda-Miyawaki conjecture 

(it was conjectured by Miyawaki in |Mi92) and proved by Ikeda in |Ike06) ). 

Let k be an even positive integer, / G S2ki^i) a normalized Hecke eigenform of weight 2k, 
F2 € S'fc+i(r2) = Maass(f) the Maass lift of /, and in general F2n G Sk+niX2n) the Ikeda lift of / 
(we assume k = n mod 2, n G N). Next let g G Sk+n+r{^r) be an arbitrary Siegel cusp eigenform 
of genus r and weight k + n + with n,r > l.Then according to Ikeda-Miyawaki there exists a 
Siegel eigenform 3^/_g G Sk+n+r(r2n+r) such that 

2n 

L{s, J/,,,, St) = L{s, g, St)Y[L{s + k + n- j, /) 
(under a non- vanishing condition). 

p-adic versions of Ikeda-Miyawaki constructions 

Now consider a p-adic family 

00 

n=l 
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Fourier coefficients a„(A:) of fk and one of Satake p-parameters a{k) := ap '{k) are given by the 
certain analytical p-adic functions k a„(fc) for {n,p) = 1. 

Then the Fourier expansions of the modular forms F = F/- and S^f^g = ^f^,g can be explicitly 
evaluated giving examples of p-adic Siegel modular forms of positive slope. 

Notice that the Satake parameters of F are /3o, • • ■ , P2m where 

/3o = p-fe-n(»+i)/2,^. = a{k)p'-\(3n+i = a{k)-^p''+'-\i = 1, . . . ,n). 
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O fl3eTa-(J)yHKLi;H5ix h ceMeftcTBax snrejieBbix MOflyjiapHbix 

(J)OpM 
A . A . naHHHniKHH 

AHHOTai^Ha 

DycTb p npocToe hhcjio, h F = Spg(Z) 3HrejieBa MOflyjiapnaa rpynna pofla g. Hsy^aiOTca 
p-aflH^ecKHe ceMeiicTBa h L-cJjyHKiiHH snrejiesbix MOflyjiapHtix cjjopM. 

B HaCTHOCTH, L-4)yHKL(HH SHrejieSblX MOflyjiapHblX cJjOpM OHHCaHbl B TepMHHaX MOTHBHblX 

L-(J)yHKii;HH CBasaHHbix c rpynnoit Sp^, h npHBeflenbi hx anajiHTHHecKHe CBoftcTBa. 

KpHTH^ecKHe SHa^eHHa cnnHopHbix -L-cJjyHKifHH o6cy5KflaiOTca b CBasn c p-aflH^ecKHMH 
KOHCTpyKn;HaMH. YcTaHOBJieHa jieMina PaHKHHa Bbicniero po^a. C(J)opMyjiHpoBaHa o6maa rn- 
noTeaa o noflTjeivie MOflyjiapHbix (JjopM h3 npoHSBefleHna GSp2m x GSp2m b MOflyjiapHbie 
cJjopMbi fljia rpynnbi GSpim. (pofla g — 4m). 

^aMTca KOHCTpyKL(HH p-aflH^ecKHx ceMeiicTB snrejieBbix MOflyjiapHbix (JjopM Hcnojibsyro- 
mne nocTpoeHHa IlKeflBi-MHaBaKH. 
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BsefleHHe 





JX&an&R CTaTbH ocHOBana na MaTepnajiax necKOJibKHx He^aBHHx flOKjiaflOB, b oco6eHHOCTH, flOKjia^a 
B MocKOBCKOM yHHBepcHTeTe 2 4)eBpajia 2007 ro^a na KOHcjjepeHiiHH "^HOcjaaHTOBM h anajiHTHi^e- 
CKHe npo6jieMbi b TeopHH ^Hceji" nanaTH A-OTejibcJiOH^a. 
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IlycTb r = Spg(Z) C SL2g(Z) 3HrracBa MO^i^j'jiapHafl rpynna po^a g. IlycTb p npocTOC hhcjio, 
T(p) = T(l, • • • , • — , p ) p-onepaTop FeKKe, h [pjg = pl2g = T(p, • • • ,p) CKajiapHbiii onepaTop 

g g 2g 

FeKKC OTiiocHTC.ibiio rpynnbi Spg. 

B CTaTbe o6cy}KflaiOTCH cjie^yioiuHe TeMbi: 

1) Z/-(J)yHKLi;HH SHrejiesbix MO^yjiapHbix (J)opM 

2) MoTHBHbie L-(J)yHKLi;HH ^jiH rpynnbi Sp^, h hx anajiHTHHecKHe CBoflcTBa 

3) KpHTHHecKHe 3HaHeHHfl cnHHopHbix Z/-(J)yHKLi;Hfl H KOHCTpyKijHH HX p-aflHHecKHx anajioroB 

4) JleMMa PaHKHHa Bbicmero po^a 

5) 06LLi,afl rnnoTesa o noflieMe MOflyjiapHbix (J)opM h3 npoHSBe^eHHs 

GSp2m X GSp2m 

B MOflyjiflpHbie (JjopMbi fljifl rpynnbi GSpim (pofla 5 = 4m). 

6) KoHCTpyKiiHH p-aflHHecKHx ceMencTB anrejieBbix MOflyjiapHbix (J)opM 

7) KOHCTpyKIIHH HKeflbl-MHHBaKH H HX JJ-aflHHeCKHe BepCHH. 

2 L-4)yHKi],HH SHrejieBbix MO^yjiapHbix (|)opM 
Pa3jio:aceHHe Oypte snrejieBbix MO^yjiapHbix c|)opM 

IlycTb / = a{7)q^ S snrejieBa MOflyjiapnafl ^opua. Beca A; h po^a n na anrejieBoii Bepxneii 
nojiynjiocKOCTH H„ = {z S M„(C) | lm.{z) > 0}. 

HanoMHHM riCKOTopbie ocHOBHbie (JjaKTbi o (JjopMajibnoM paaAOCHceHuu Oypbe (JjopMbi /, hc- 
nojibByiomeM chmboji 

n 

= exp(27ri tr(Tz)) = [] gj* [] ^S"" 

e C{q\i,. . . ,qnn\[qij, (h^]i,j='^,- ,m, rfle gjj = exp(27r(\/^2;j,j)), n T npHHafljiexHT nojiyrpynne 
B„ = {T = *T > 0|T noJIy^eJIa^I}. 

OnepaTopti FeKKe n ccJ)epHHecKoe OTo6pa:»<;eHHH 

HanoMHHM, HTO jiOKajibHaa ajire6pa FeKKe na^ Z, o6o3HaHaeMafl -C^^z = Z[T(p), Ti(p^), . . . , T„(p^)], 
nopoxflasTCH cjieflyiomHMH n + 1 onepaTopaMn Fbkkb: 

T(p) :=T(l^_^,p^_^), 

n n 

Ti(p^) :=T(l,...,l,p, i= l,...,n 
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T„(p^) = [p] = [p]„ = T(j), ■ ■ ■ ,p) = pl2n H ^TO c4)epH^ecKoe OTo6pa}KeHHe 

n : £„,Q = Q[T(p), Ti(/), . . . , T„(/)] ^ Q[xo, xi, . . . , a;„] 
aBjiaeTCfl neKOTopbiM HHieKTHBHbiM roMOMop4)H3MOM KOJieu;. 

IlapaMeTpbi CaTaxe co6cTBeHHbix cJ}yHKij;HH onepaTopoB FeKKe 

PaccMOTpHM HeKOTopyro co6cTBeHHyio 4)yHKLi,Hio / G M)J Bcex onepamopoe FeKKe f i — > /|T, T e 
■^n,p (flJia Bcex npocTbix HHceji p), Tor^a f\T — Xf{T)f . 

Bee ^^HeJIa Xf{T) G C sa^aiOT HeKOTopbifi tomomopcJ^hsm Ay : iL„^p — > C onpe^ejiaeMbra 
Bbi6opoM (n + l)-KOMnjieKeHbix ^neeji (ao, ai, • • • , a„) = (C^ )"+^ (napaneTpoB CaTaxe (|)opMbi /), 

Tax, HTO 

A/(T) = il(T)(ao, ai, • • • , a„). 

B ^aCTHOCTH, HMeeM 

A/([p]) = a2^i---a„=/"-"("+i)/2 

n 

A/(T(p)) = n{T{p)) = Q!o(l + ai) • • • (1 + Q!„) = ^aoSj{ai,a2, . . . ,a„) . 

L-cJjyHKi^HH, cJjyHKi^HOHajibHoe ypaBHeHHe h mothbbi ^Jia rpynnbi Sp„ (cm. 
(Pa94j, [YoshOlJ) 

Onpe;i,ejiHiOTCH MHoroHJienbi 

n 

r—1 l<ii<---<ir<n 

71 

. Rf,p{X) = il-X) - a;^X){l ~ aa) & Q[a^\ • • • , a^'][X]. 

i=l 

Tor^a cnHHopnafl L-(J)yHKLi,Hfl L{Sp{f), s) h CTaH^apTHaa L-(J)yHKLi,HH L{St{f), s,x) c|)opMbi / 
(fljia s € C, H fljia Beex xapaxTepoB /Jnpnxjie x onpe^ejiaiOTefl xax ejieflyiomHe siijiepoBbi npoHS- 
Be^eHHa: 

• L{Sp{f),s,x) ^l[QfAx{p)p-T' 

p 
p 

3 MoTHBHbie L-4)yHKLi;HH fljia rpynnbi Sp„, h hx anajiHTH^e- 

CKHe CBOHCTBa 
Cbhsb c L-cJ}yHKij;HaMH h MOTHBaMH flJiH rpynnbi Sp„ 

Cjie^yfl (Pa94] h [YoshOlj . HanoMHHM, ^TO 3TH (|)yHKLi;HH npeflnojioJKHTejibHO aBjiaiOTea mothbhmmh 
fljia Beex k > n: 

L{Sp{f),s, x) = L{M{Sp{mx),s),L{St{f),s) = L{M{St{})){x), s), r^e 
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H ^TO MOTHBbi M{Sp{f)) H M{St{f)) flBJiHK)TCfl HucmuMU ecjiH / - nofljiHHHaH napa6ojiH^ecKaH 
(J)opMa (to ecTb ne HH^yiinpoBaHnafl xax no^teM c MeHbinero po^a). Xlpn stom 

• MoTHB M{Sp{f)) onpe^ejien na;; Q, HMeeT KOScjjcjjHiiHeHTbi b Q(A/(n))„gN, panr 2", Bee 
w ^ kn — n{n + l)/2, h thd Xo^jKa (Bp^qH^''^ , c 

p = (fc - n) + (A: - ia) + • • • + (fc - ir), (3.1) 

q= (k- ji) + (A: - ^2) H h (fc - is), r^e r + ,s = n, 

1 < ii < i2 < • ■ ■ < V < 1 < jl < j2 < ■ • ■ < js < 
U {ji, • • • ,i4 = {1,2,--- 

• MoTHB M{St{f)) onpe^ejieH nafl Q, HMeeT Koacjj^jHiiHeHTbi b Q(A/(n))„gN, panr 2n+ 1, Bee 
w = 0, H THn Xo^aca 

^0,0 ^jj — k+i,k — i Q jjk—i. — k+i-^ 
i=l 

<I>yHKi];HOHajibHoe ypaBHeHne h KpnTHnecKHe SHaneHHa 

CorjiacHO o6iri;eH rnnoTese /JejiHHfl (cm. [De79j) o mothbemx L-(J)yHKLi;HHx, Taxne L-^ywufm y^o- 
BJieTBopaiOT (J)yHKLi,HOHajibHOMy ypaBHeHHK) onpe^ejieHHOMy CTpKyTypoii Xo^jKa MOTHBa: 

K{Sp{f), kn - n(n + l)/2 + 1 - s) = e(/)A(5p(/), s), r^e 

A(5p(/),s) =r„,fc(s)L(5p(/),s),£(/) - (-l)'=2"-^ 

ri,fe(s) = rc(s) = 2(2^)-^r(s), r2,fe(s) = rc(s)rc(s - fc + 2), h 

r„,fc(s) = np<qrc(s — p)rjj^(s — (u'/2))rR(s + 1 — (u)/2))'*~ j^im neKOTopbix HeoTpHijaTejibHbix 
HHceji 0+ H a_, c a-|_ + a_ = w/2, h rR(s) = 7r^'*/^r(s/2). 

B HacTHOCTH, ^jia n = 3 H fc > 5, sto rnnoTeTH^ecKoe 4)yHKLi,HOHajibHoe ypaBHeHne HMeeT bh^ 
A(5p(/), s) = A(5p(/), 3fc - 5 - ,s), r^e 

A(5p(/), s) - rc(s)rc(s - fc + 3)rc(s - fc + 2)rc(s -k + l)L{Sp{f), s). 

^jifl fc > 5 KpHTH^ecKHe SHaneHHH b CMbicjie ^ejinna |De79) TaKOBbi: 

s — ' ■ ■ , 2/c 5. 

AnajiHTHHecKHe CBoficTBa cJjyHKi^Hii L{Sp{f),s) 



(cp. c m)- 

^jia HsyneHHH anajiHTH^ecKHx cbohctb (jayHKiinii mojkho HcnojibsOBaTb cbhsb MejK^y co6cTBeH- 
HbiMH 3Ha^eHHflMH A/(T) H KOScjjcjjHiiHeHTaMH <l>ypbe af{7), Tfl/s T £ 1)(r, S) npo6eraeT onepaTopbi 
FeKKe, a T G Bn npo6eraeT nojiyijejibie HeoTpHijaTejibHbie CHMMeTpHHecKne MaTpniibi. Corjiacno 
A.H.AHflpnaHOBy (cm. |An67) ). hmccm: 

D{X)^±Tip')X' = ^ 

r^e 

EiX) 

= 1 - p2 (T2(p2) + {p'-p+l){p^+p+ l)[p]3) X^ + {p+ l)/T(p)[p]3X3 
-P'[P]3 (T2(p2) + ip'^P+lKp'+P+l)[ph) X4 +pl5[p]3^6 g 
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BbiHHCjieHHe (JjopMajibHoro pa^a ^Hpnxjie 

Snaa E{X), Bbi^HCJiaeTCH cjie^yioinHH (jaopMajibHbiii pa^ /Jnpnxjie 

oc 

h=l p 

OCHOBHOe paBGHCTBO 

^jifl Bcex T nojiy^aeM cjie^yromee paBencTBO 



af{7)L{Sp{f), s)^Y. «/(^' ^' '^)'^"' i^'^e (3.2) 

f\TE{h)= J2 Cif{7,E,h)q^. 



/JeiiCTBHTejIbHO , 

CXD 

f\TEih) ^ XfiTE{h))f, HL(5p(/),5) = ^A/(T^;(/l))/l-^ nosTOMy 

oo oo 

^/|Ti;(/j)/j-^=i(5p(/),.s)./ = ^ ^ af{7,E,h)h-'q^, 

h=l /i=lTG-B„ 

H ocTaeTCH cpaBHHTb KoacjjcjjHiiHeHTbi <I>ypbe. 

TojK^ecTBO THna l|3.2p gBjifleTCfl Heo6xoflHMbiM maroM b npo6jieMe anajiHTH^ecKoro npoflOJiJKe- 
HHH L-4)yHKLi,Hii L{Sp{f), s), a TaKJKe npn HsyHeHHH hx apncjjMeTH^ecKHx npHJiojKeHHii, nocKOJibKy 
TOJKflecTBO l|3.2p ^aeT mbto^ BbnHCJieHHH cneiinajibKbix snaHeHHii L(Sp{f), s) Hepea KOScjjcjjHiiHeH- 
Tbi 'Jypbe. 

HanoMHHM,^TO b CJIy^^ae CTaH^apTHbix L-cjsyHKiiHii L(St{f), s) HcnojibsyiOTCH MeTOfl PaHKHHa- 
Cejib6epra, a TaKJKe neTOfl y^BoeHna ("doubling method") (cm. |Pa94j . [CourPaj . h [Boe-Schin] '). 

4 KpHTHHecKHe snaMeHHa, nepnoflbi h p-a^a^ecKue L-cjDyHKii;HH 
fljia rpynnbi Sp3. 

rnnoTesa o p-a^nnecKHx L-cJ)yHKij;HHx fljia rpynnbi Spg 

06iri,aa rnnoTesa KoyTca h IleppsH-PHy (cm. |Co-PeRi) . [Coj . |Pa94) ). npe/iCKasbiBaeT ^jih n = 3 
H A: > 5, H fljiH KOMnjieKCHbix MOTHBHbix L-(|)yHKLi,HH L{Sp{f), s), cymecTBOBaHHe p-ajxRHecKnx 
L-anajioroB. ^ 

3a4)HKCHpyeM Bjio^Kenne ip : Q ^ <Cp = Qp, h nycTb ao{p) o6o3Ha^aeT oGpaTHbiii Kopenb (to 
ecTb o6paTHoe ^hcjio k Kopnio) MHoro^jiena Q /,p hmcioiuhh HaHMenbinee p-a^HHCCKoe HopMnpoBa- 

HHC. 
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• "YcAoeue UaHHUuiKUHa" (cm. [Ha-Li-Sk] . |Pa94) . |PaAnnIF94) l ^jih cymecTBOBaHHH orpaHH- 
HeHHbix p-a^H^ecKHx L-(|)yHKLi,HH B flaHHOM cjiyHae npHHHMaeT bh^ ordp(ao(p)) = HanoM- 
HHM, T^TO 3T0 ycjiOBHe cocTOHT B cjiGfly loineM I 

djia, Hucmoeo Momuea M pama d, 

OpduHama mouKU p-noAusona HbwmoHa c a6cv;uccou (d/2) = opdunama moHKU 
nojiuzona Xodotca c a6cv,uccou (d/2) 

• IlpH HeBbinojiHeHHH 3Toro ycjiOBHa, npe^nojiOMCHTejibHO 

cyvnecmeywm p-adunecKue L-(^yHKV,uu jiozapu^MuuecKozo pocma o(log''(-)) 
c h = [2ordp(ao(p))] + 1, 2ordp(ao(p)) = paanocmb 

Opdunama mouKU p-noAuzoua Hhtomona e (d/2)- opdunama moHKU nojimoua Xod- 
otca e (d/2). 

B cjiyHae yHHTapHbix rpynn, ycjiOBHe cymecTBOBaHHH orpaHHHeHHbix p-a^HHecKHx L-cjayHKiinii 
o6cyjKflajiocb b pa6oTe [Ha-Li-Sk] , 

5 JleMMa PaHKHHa Bticmero po/i,a 

Hama cjie/iyromafl u,ejib coctoht b Bbi^^HCJienHH npoHSBO^Hmero pa^a 

oc 
5=0 

B TepMHHax o6pa3yK)iri,Hx ajire6pbi FeKKe -02,2 (X" ^2.1'- 

T(p)®l, Ti(/)®1, [p](8)l,l(8T(p), l®Ti(p2), l®[p]. 

TeopeMa 5.1 ( [Pa VaRnk] ) /],Ji}i poda n = 2, ujueem Mecmo cjiedytomee Henoe 
npedcmaeAeHue e eude pai^uonaAbHou dpo6u 

Dl'^'\X) = g Tip') ® Tip') X' = il- /[p] ® [P]^')|||| , ^^e 
RiX) = l + nX + ...+ ruX^\ c n = rii = 0, 

Six) = l + slX+... + sl6x^^ 

u K03(^(f)U'u,ueHmu u Si hbho npueedenu e TIpuAOMceHuu k cmambe fPa VaRnf^ 



IlpHBefleM jiHinb nojinroHbi HbiOTOHa MHoroHjienoB RiX) h SiX) OTHOCHTejibHO CTeneneii p h 
X (cm. <I>Hr. [1]). H3 HaniHx BbnHCJieHHii cjie^ycT, ^to bcc naKjiOHbi sthx nojinroHOB HbiOTOHa - 
Li,ejibie ^HCJia. Ha^eeMca, ^to sth nojinroHbi noMoryT naiiTH reoMeTHHecKne o6T3eKTbi CBHsaHHbie c 
MHoro^jienaMH R{X) h SiX), b flyxe He^aBHHx pa6oT $a6epa h Ban ^ep Feepa cm. |FVdG] . 
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Phc. 1: IlojiHroHbi HbiOTOHa MHoroHJienoB Ri^) h S{X) OTHOCHTejibHO CTeneneft p h X, bmcotm 
34 H 48, cooTB. 




IlojiOBHHa K03(J)(J)Hi],HeHTOB, HMeHHO Sg, . . . ,Si6, MOxsT 6biTb HaflfleHa Hepes cjieflyromee npo- 
CToe 4)yHKLi,HOHajibHoe ypaBHeHHe: 

S16-, = (/T2(/) ® T2(/))«-*Si (i = 0, • • • , 8). 

/foKaaameAbcmeo: HanoMHHM, hto 

2 

£^ ^ (1 - a;oX) (1 - xoXiX){l - X0X2X) (1 - X0X1X2X) " 

Hcxo^H H3 SToro pjjfla mo>kho nojiyHHTb (J)opMyjiy fljia 0(T(p'^)), paccMaTpHBaa reoMeTpHnecKHe 
nporpeccHH 



00 -J 00 

1^1=0 1^2=0 

V iX0X2Xr = z ^, {WX2XY^ = 

1 - X0X2X ^ ' 1 - X0XIX2X 

^,{T{p'))=p-^4{pxf+''>X2^px,xf+'^-px'^^+'^ +px(^+^) -pxf+^)4^+*' 

(2+5) (3+5) , (2+5) 2 , (l+<5) , (2+5) (1+5) (1+5) (2+5) 

-\-px\ X\ +pX\—pX2—x\ X2+X\ X2+X\ X^ — x\ x)^ 

+ x\x^2^^^ — x\x^2^^^ — x\x2 + xia:2)/((l — a;i)(l — a;2)(l — x\X2)(x\ — X2)) 
= - p~^Xq{{1 - xiX2){pxi ~ X2)x[^'^^'' + (1 - a:ia;2)(a^i - px2)x2~^^^ 

- (1 - pXiX2){xi - X2){xiX2)''^^^^ - ip- XiX2){xi - X2)) / 

((1 - a;i)(l - X2){1 - xiX2){xi - X2)). 
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TeH30Hoe npoHSBefleHHe jioKajiBHBix ajire6p FeKKe 

Hcnojibsyfl BTopyio rpynny nepeMeHHbix 2/0)2/1)2/2 h mm nojiynaeM TeHSopHoe npoHSsefleHHe 
jiOKajibHbix ajire6p FeKKe 

f^i"^ (Xif^^,"^ : ^n,q<»^nM Q[xo,xi, ... ,Xn;yo,yi, ■■■ ,yn\, H 

npOHSBBfleHHe flSyX SbipaxeHHii CI^\T(j)^)) H CI^\T(j)^)) BblHHCJIHBTCH HBHO: 

{2+5) {■3+5) (3+<5) , (2+5) , (2+5) 2 , (1+5) 

+ px\ X2 — PX1X2 + PX2 +pXi—pX2—x\ X2+X\ X2 

~\~ X-^ '^'2 X-^ ■2'2 X-^X^ X1X12 X-yX'2 ~\~ X\X'2^ 

X {pyr''y2-py'r''-pyf^''y'2^'' +py'r%r'' -m^y^'' 
+ py^2^^^ +pyi - py-2 - yf'^^'^yl + y'^i^^\2 + ^^^''^^2^^''^ 
- y'^^'^y'r'' + yly'^'' - yry'^'' - yly^ + y.ylM 

((1 - a;i)(l - a;2)(l - a;ia;2)(xi - X2)(l - 2/i)(l - y2)(l - i/i2/2)(i/i - 2/2)) 



CyMMHpOBaHHB nOJiyHBHHblX BbipaXBHHH flaCT CJIBflyiOLLI,HH pB3yjibTaT: 

00 



4=0 

(p x\ - X2) {\ - V y\ y2) x\ y\ 1/2 



p2(l 




— xi) {x\ 




2/1) (1 - 2/2) (1 - 2/1 2/2) (1 ■ 


- xo XI 2/0 2/1 2/2 ^) 








X2 Vl {xi - 


-px2) (P2/1 - 2/2) 




+ p2(l 




- X2) (x\ 


- X2) (1 - 


2/i) (1 - 2/2) {2/1 - y2) (1 - 


xo X2 2/0 2/1 '''^) 








X2 2/2 {xi - 


-p^2){yi -pyi) 






- ^1) (1 


- X2) {xi 




2/i) (1 - 2/2) (2/-? - 2/2) (1 - 


xo 2/0 2:2 2/2 ^) 








X2 yi 2/2 {xi-pX2){l-p 2/1 2/2) 




p2(l 


- ^1) (1 


- X2) {x\ 


-X2){1- 


2/1) (1 - 2/2) (1 - 2/1 2/2) (1 ■ 


- xo X2 2/0 2/1 2/2 ) 








XI (p XI - 


X2) (p - 2/1 2/2) 




p2(l 


-Xl)(l 


- X2) (xi 


- X2) (1 - 


yi) (1 - 2/2) (1 - 2/1 2/2) (1 ■ 


- xo XI 2/0 -''^) 








Xl X2 2/1(1 


- pxi X2) (p2/i - y2) 






- ^1) (1 


- X2) (1 - 


- XI Xl) (1 ■ 


- 2/1) (1 - 2/2) (2/1 - 2/2) (1 ■ 


- xo XI X2 2/0 2/1 ^) 








Xl X2 2/2 (1 


-pxi X2) (2/1 -P2/2) 




p2(l 


-Xl)(l 


-X>2){1- 


- Xl X2) (1 - 


- 2/1) (1 - 2/2) {yi - '1/2) (1 ■ 


- xo XI X2 2/0 2/2 X) 








2/1 2/2 - 


■ Xl X2) (1 -P2/1 2/2) 






- ^1) (1 


- X2) (1 - 


- Xl 3:2) (1 - 


- 2/1) (1 - 2/2) (1 - 2/1 2/2) (1 - xo 2/0 2/1 2/2 ^) 








Xl X2 (1 - 


pxi X2) (p - i/l 1/2) 






- )(1 


-X2)(l- 


-X1X2)(1- 


- 7/1) (1 - Wi) (1 - yi 2/2) (1 - X() XI ;/:2 2/0 X) 








■'-1 VL (P J'l 


- ■I'-z ) (p in - in ) 




p2(l 


- ^1) (1 


- X2) {x-i 


- X2) (1 - 


yi) (1 - 2/2) (2/1 - 2/2) (1 - 


xo Xl 2/0 2/1 -''^) 








XI 2/2 (p XI 


- X2) (2/1 -pyi) 




+ p2(l 


- ^1) (1 


— X2) {xi 


-X2)(l- 


2/1) (1 - 2/2) (2/1 - 2/2) (1 - 


xo XI 2/0 2/2 ) 
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X2 (xi - p X2) (j> - yi 1/2) 



p2(l 




- X2) (xi 


- X2) (1 - yi) (1 - y2) (1 - 

a;i X2 yi 2/2 (1 - P 2:1 ^2) (1 - 


2/1 2/2) (1 - 

-pyi 2/2) 


Xo X2 2/0 -'f ) 




- ^1) (1 


- X2) (1 - 


- XI X2) (1 - 2/1) (1 - 1/2) (1 - 
(p - XI 3:2) (p - yi 2/2) 


- 2/1 2/2) (1 


- a^) xi a!2 2/0 2/1 2/2 ) 


p2(l 


- ^1) (1 


- X2) (1 - 


- xi X2) (1 - 'i/i) (1 - 1/2) (1 • 
yiip- XI X2) {pyi - 2/2) 


- 2/1 2/2) (1 


- xo 2/0 ^) 




- ^1) (1 


-X2)(l- 


- 11 X2) (1 - 2/1) (1 - 3/2) (3/1 

2/2 (p - X2) (2/1 - P2/2) 


- 2/2) (1 - 


xo 2/0 2/1 ^) 



p2 (1 - x\) (1 - X2) (1 - XI X2) (1 - 2/1) (1 - 2/2) (2/1 - 2/2) (1 - XO 2/0 2/2 ^) 



CBoiicTBa o6pa3a {^^"^^ ® Q.^'^^){D^p'^\x)) 

Mbi npoBepaeM hbhmm BbiHHCJieHHeM, hto MHoroHJienbi ne saBHCflniHe ot X b SHaMenaTejie o6pa3a 
(fi^^) (g) coKpamaeTCfl b KOJibiie Q[a;o,a;i,a;2,2/0)2/i>2/2][-'^l, h o6m;HH snaMenaTejib 

npeoSpaayeTCfl k BH^y: 

{l-xo yoX) {1- xoyo xi X) (1 - xo yo yi X){1- xo yo X2 X){1- xo yo 2/2 X) 
{1- xoyo xi yi X){1- xq yo xiX2X){l- xq yo xi 2/2 X){l-xo yo yi X2 X) 
{1- Xoyo yi yi X){1- xo yo xi yi X){1- xo yo xi yi X2 X){1- xo yo xi yi 2/2 X) 
{1- Xoyo xi X2 2/2 X){1- Xo yo yi X2 2/2 X){1- xo yo xi yi X2 2/2 X). 

Bo.TlOO TOrO, Mbl HaXOflHM, HTO HHCJIHTejIb COCTOHT H3 MHOJKHTejIH (1 —3:02/0X12/1X22/2^^) H MHOFO- 

Hjiena nepeMeHHoii X CTeneim 12 c KoacjscjjHUHeiiTaMH b Q[a:o, Xi, a;2, t/o, 2/1) 2/2] (nocTOflHHbiii hjigh 

paBeH 1, a rjiaBHbiii njien paBeii p~'^x}^yQ'^x\x2yiy2X^'^). Mm TaKxe naxoflHM, hto MHOXHTejib 

CTeneHH 12 ne coflepxHT hjichob CTeneHH 1 h 11 no nepeMeHHoii X. 

A/r (r,(2) ^r,(2)\rr,{h^)iv\\ - XoVlxiyiX2V2X'^)R^^y{X) u 1 v\ 1 , 

Mbi nojiynaeM {\l^^> (g) il^^>){D}, '{X)) = ^ — — '-^ , r^e Rx,y{X) = 1 + 

bx,v\X) 

r2,x,yX'^-\ \-rio,x,vX^'^+ri2,x,yX^'^ n Sx,y{X) = l+si,x,yX-\ \-si6,x,vX'^^ e Q[a;o,a;i,a;2,2/o,2/i,2/2, 



BtipaxceHHe nepea onepaTopti FeKKe 

3Hafl K03(i)(i)HLi;HeHTbi MHoroHJienoB Rx,y{X), Sx,y{X) S Q[xo, Xi, 3:2, 2/O) 2/i) 2/2, ^] (o6pa30B npn 
OTo6pa>KeHHH Q.x®0,y), mtokho BOCCTanoBHTb Hx npoo6pa3bi R{X) = l+r2X^+- • •+rio^^'^+ri2^^^ 
and 

S{X) = 1 + siX + • • • + sie^ie e £2,z ® 'C2,z[X]. 

JliiR SToro Hcnojib3yiOTca o6pa3bi rciicpaTopoB (o6pa3yiOLLi,Hx) 

0,(T(p)^°Ti(/)^^[p]^^)f2^(T(p)''°Ti(p2)''^[p]''^), 

H paccMaTpHBaeTCfl cncTeMa c neonpeflejiennbiMn K034)4)Hn,HeHTaMH -fi'Ao,Ai,A2,(iio,/*i,/i2 Bbipaxaio- 
niaa Bce mohomh ri^(T(p)^"Ti(p2)^i [p]^^)f7j,(T(p)^''Ti(p2)^i [p]^^), cnjiOTb CTenenn 12 aJih 
Rx,y(X) (n ^ 16 fljiH Sx,y{X)) OT nepeMennoii xq h ot nepeMennoH 2/0- ^ 



9 



CpaBHeHHe co cjiynaeivi po^a n — 1 

MHOJKHTejib (1 — XqUq XiyiX2y2X^) CTeneHH 2 ot nepeMenHoii X oneHb noxo>K na cjiynafl po^a 
9 = 1: 



5=0 5=0 



xi 1-2/1 

yi 



(1 - xi) (1 - 2/i) (1 - Xo yo X) (1 - xi) (1 - yi) {I- xoyo yi X) 

Xi , xi yi 



(1 - Xi) (1 - yi) (1 - Xq yo xi X) (1 - Xi) (1 - 2/1) (1 - Xq 2/0 2:1 2/1 -'«^) 
(1 - Xo yo X){1 - xoyoXiX){l- Xo yo 2/1 X) (1 - xo yo xi 2/1 -'^) ' 

00 

J2t{p')^T{p')X' = (l-/[p] ® [p]X2)x 

5=0 

X (1 - T(p) ® T(p)X + (pT(p)2 [p] +p[p] ® T(p)2 - 2p2[p] ® [p])x2 
-/T(p)[p] ® T{p)[p]X' +/[p]^ ® [p]'X^)"' . 



6 nOflteM MOflyjiapHblX (JiOpM H3 GSp2m X GSp2m B GSp4m 

MoTHB npoH3Be^eHHH PaHKHHa po^a n — 2 

IlycTb fug flse 3HrejieBbi MOflyjiapHbie (|)opMbi secoB k n I, k > I, co6cTBeHHbie (JjyHKijHH onepa- 
TopoB FeKKe, h nycTb M[Sp{f)) h M{Sp{g)) - (rHnoTeTHHecKHe) cnHHopHbie mothbm (|)opM f n g. 
Tor^a M{Sp{f)) - mothb na^ Q c K03(|)(J)Hii,HeHTaMH b Q(A/(n))„gN panra 4, Beca w = 2k— 3, h THna 
XoA>Ka iyo,2fe-3 0^fe-2,fe-i 0^fe-i,fc-2^^2fe-3,o^ M{Sp{g)) - MOTHB na,T, Q c K03cJ)cJ)HTi,HenTaMH 
B Q(Ag(n))„£N panra 4, Beca w; = 2Z - 3, h rana Xoflxa if0.2i-3 ^ ^^-2,1-1 ^ jji-1,1-2 ^2j-3,o_ 
PaccMOTpHM roMOMop4)H3Mbi ajire6p FeKKe 

A/ : ^n,p — ^ C, Ag : -C„^p — > C 

saflaHHbie napaMBTpaMH CaiaKB {ao,(Xi, - • • ,an) h (/^OjA,-"" i/^n) (i)opM f g, vi nycTb 

Aj (S) Ag : !i>n,p ® ^n,p — ^ 

TeH3opHoe npoHsse^eHHe M{Sp{f)) (g) M{Sp{g)) 

HBJiaBTCfl MOTHBOM Q c K03(i)(i)Hii,HeHTaMH B Q(A/(n), Ag(n))„£N panra 16, Beca w = 2k + 21 — Q, h 
THna Xoflxa 

jj0,2k+2l-6 ^;-2,2fe+i-4 ^ jjl-l,2k+l-5 ^ jj2l-3,2k-3 
jjk-2,k+2l-4 jjk+l-4,k+l-2 ^ jjk+l-3,k+l-3 ^ jjk+2l-5,k-l 
jjk-l,k+2l-5 ^fe+;-3,fe+i-3 jjk+l-2,k+l-4 ^ jjk+2l-i,k-2 
jj2k-3,2l-3 jj2k+l-5,l-l ^ jj2k+l-i,l-2 ^ jj2k+2l-e,0 
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MoTHBHbie L-4)yHKi];HH: anajiHTHHecKHe CBoiicTBa 

CorjiacHO o6iri;eH rnnoTese /JejiHHH [De79| o mothbhmx L-dpyHKUfiRx, npHMenHTejiBHO k cnHHopno- 
My MOTHBy F 3HrejieBoii MOflyjiflpHoii rpynnbi Sp4(Z) po^a n = 4ti eeca k > 5, HMeeM A{Sp{F), s) = 
A{SpiF),Ak-9- s), rfle 

AiSpiF),s) - rc(.s)rc(s -k + 4)rc(s ~k + 3)rc(s -k + 2)rc(s - fe + 1) 
X rc(s -2k + 7)rc(s -2k + 6)Tc{s -2k + 5)L{Sp{F), s), 

(cpaBHHTe 9T0 (JjyHKiiHOHajibHoe ypaBHeHne c ^anHMM b |An74) . p. 115). 

C flpyroii CTopoHbi, ^jih m = 2 h ^jih ^Byx napa6ojiHHecKHx 4)opM f vi g fljin Sp2(Z) bbcob fc, I, 
k > 1 + 1, rnnoTesa /^ejiHHH ^aeT A{Sp{f) (g) Sp{g), s) = e(/, g)A{Sp{f) (g) 5*^(5), 2fc + 2Z - 5 - s), 

A(5p(/) (g 5p((7), s) = rc(s)rc(s - 1 + 2)rc(s - 1 + i)rc(s - fc + 2) 
X rc(s - fc + i)rc(s - 2? + 3)rc(s -k-i + 2)rc(.s - - ; + 3) 

xL(5p(/)®5p(5),s). 

IIpH 3TOM HcnojibsOBHa (|)opMyjia y^BoeHHa Faycca rc(s) — T]^{s)Tr{s + 1). SaMeTHM, ^to npn 
9T0M a+ — a- — 1, VI HTO rnnoTeTH^ecKHH mothb M{Sp{f)) ® M{Sp{g)) ne HMeeT kphth^gckhx 
snaHeHHH b cjiy^ae po^a 2. 

FojiOMopcJjHbiH noflijeM MO^yjiapHbix cjjopivi h3 npoHSBe^eHHa GSp2m x 
GSp2m B MO/i;yjiapHbie cJ)opMbi ^jia rpynnbi GSp^m (po^a g = 4m) 

rnnoTesa 6.1 (o no^teivie GSp2m x GSp2m b GSpim) Ilycmb fug- dee auzejieeu Mody- 
Mpnue (popMU poda 2m u eecoe k > 2m ul = k — 2m, co6cmeeHHue (pyuK'nuu onepamopoe FeKKe. 
Tosda cyinecmeyem amejieea ModyAsipnasi (popMa F poda Am u eeca k c napaMempaMU Camane 
70 = ao/3o, 71 = ai, 72 = a2, • • • , 72m = Q!2m, 72m+i = /3i, • • • , 74m = /32m dA.fi nodxodsi-mezo eu6opa 
napaMempoe CamaKe ao, ai, • • • , Q!2m w /3o, /3i, • • • , (32m (^opM fug. 

JlesKO npoeepsiemcM,, nmo munu Xodoma Momueoe M{Sp{f)) ® M{Sp{g)) u M{Sp{F)) coena- 
datom (pama 2"^"^) (amo CAedyem U3 npueedeuHozo onucanuM fS.l]) . u U3 (^opjuyA muna KwHuema). 

CBHfleTejibCTBO B nojibsy SToii rnnoTesbi npoHCxoflHT h3 KOHCTpyKiinii THna HKeflbi-MnaBaKH 
f [IkeOlj . |Ike06) . |Mur02j ): nycTb k - HCTHoe nojiojKHTejibHoe hhcjio, h g S'2fe(ri) sjijinnTHHe- 
CKaa napa6ojiHHecKafl 4)opMa, HopMajiHSOBaHHaa co6cTBeHHaH (jjyHKiiHfl onepaTopoB FeKKe Beca 
2k, F2n € Sk+niX'in) no^ieM HKe/ibi (JjopMbi h pofla 2n (npe/inojiaraeTCH, ^^to k = n mod 2, 
n G N). 

^ajiee, nycTb / e Sk+n+r{Xr) npoHSBOJibHaa snrejieBa napa6ojiH^ecKafl 4)opMa po^a r h Beca 
k + n + r, c n,r >\. Ycjih bsstb n = m,r = 2m, k := k + m, k + n + r := k + 3m, to nojiy^aeTca 
cjieflyiomHii npHMep BbinojiHHMOCTH rnnoTesbi o no^-beMe: 

if, 9) = (/,^2m(/i)) 1-^ S'hJ e S'fc+3m(r4m), 
(/i5) = (/, -P2m) G S'fe+3m(r2m) X S'/c+m (r2m ) ■ 



^pyroe CBH^eTejibCTBO b nojibsy 3toh rnnoTesbi npoHCxo^HT h3 pa^OB 3ii3eHmTeHHa-3Hrejifl: 

f 77i2m 77i2m 
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^GTHoro po^a 2m h secoB k n k ~ 2m: 

R — T R ^k—im a _ fc-2m-l 



rjifi nojiaraeTca 



7o = l,7i=p'-''",-- - ,72,n=/-\ 



fljiH napaMeTpoB CaTaxe pfl^OB BiiseHniTeHHa-SHrejifl F — 



SaMCHaHHe 6.2 Ecau cpaenumb L-cfiyHKU^uw U3 eunomeau o nodncMe (sadaHHyw napuMempaMU 
Camane 70 = ao/3o,7i = ai, 72 = "2, ■ ' • :72m = a2m,72m+i = A, ■ • • ,74™ = P2m djisi nodxodsi- 
meso eu6opa ao , cci , • • • , a2m and /3o , /3i , • • • , /32m napuMempoe Camane (fiopM fug), mu yeuduM, 
9ma L-cfiyuK'nun coomeemcmeyem meHsopHOMy npouaeedenum cnuHopnux L-(fiyHKU,uu, ho ama L- 
(pyHKHfUM, orriAUHaemcM om coomeemcmeymmeu L-cpyuK'nuu e nodncMe Hocudu (cm. ]Yosh81f ) 
(iiQAiiKimeucM, npouaeedenueM cdeunymux L-(^yHKV,uu FeKKe). 

B CBH3H c 3THM noflijeMOM Heo6xo^HMO ynoMJiHyTb npHHiiHn 4)yHKTopHajibHOCTH JlsHrjiSH^ca: 3Ha- 
MenaTejiH HaniHx L-pa^oB OTBe^aiOT jiOKajibHbiM MHOJKHTejiflM L-4)yHKLi,Hii (cBflsanHbix c npoHS- 
Be^eHHHMH L-rpynn). Ecjih paccMOTpeTb roMOMop4)H3Mbi 

^GSp2m = GSpin{Am + 1) ^ GL22„., ^GSp4m = GSpin{8m + 1) ^ Gia*™, 

TO Mbi yBHflHM, HTO Hama rnnoTesa coBMecTHMa c roMOMop4)H3MOM L-rpynn 

X GL22™ ^ GXa-"", (5i,52)^gi«)52,GL„(C) = -^GL„. 

HeacHO o^naKO, nosBOJiaeT jin npHHiinn (jsynKTopnajibHOCTH JlsnrjiSH^ca npe^cxasaTb, 6y^eT jih 
3TOT no^teM cooTBeTCTBOBaTb rojiOMop(J)HOH SHrejieBoii MO^yjiapnoii (J)opMe. 

7 KoHCTpyKii;HH j9-aflHHecKHx ceMeiicTB snrejieBfcix MO^yjiap- 
HblX c|)opM 

KoHCTpyKij;HH p-a^HHecKHX L-cJ)yHKLi;HH H MO^yjiapHbie chmbojibi 

Hapfl^y c KOMnjieKCHbiM napaMeipoM s bosmojkho h HcnojibsOBaHne p-a^HHecKHx oapaMeTpoB ^jih 
nocTpoeHHfl anajioroB L-cjayHKiinii n MOflyjiHpnbix chmbojiob. Mm ncnojibsyeM Taxne napaneTpbi 
KaK CKpyHHBaHHe c xapaKTepann /JnpHxjie c o^Hoii CTopoHbi, n napaneTp Beca Teopnn ceMeiiCTB 
MO^yjiapHbix (J)opM, c flpyroii CToponbi. OnepaiiHfl CKpyHHBaHHH c xapaxTepaMH ^npnxjie jibjih- 
eTCfl 4)yH^aMeHTajibHOH onepaiinen c 4)opMajibHbiMn CTenennbiMn pfl^aMH, n p-a^HHecKaa Bapna- 
n,Ha TaKnx xapaxTepoB ^aei npHMep anajiHTn^ecKHx ceMeiicTB MOflyjiapHbix 4)opM. 9tot npnMep 
no3BOJifleT onpe^ejiHTb, a b neKOTopbix cjiy^aax n BbiHHCJiHTb, MO^yjiapHbie chmbojim, CBHsan- 
Hbie c aBTOMop(i)HbiMH npe^CTaBjieHHaMH tt ajire6paH^ecK0H rpynnbi G na^ hhcjiobbim nojien, 
Hcnojibsya CKpyHennbie L-cJjyHKiiHH L(s,it ® X:^) c iienTpajibHbiM xapaxTepoM /Jnpnxjie x (xa- 
paKTepoM FeKKe Kone^noro nopa^Ka). B pa^e cjiy^aeB mm nojiyHHJiH HHTerpajibHbie npe^CTaBJie- 
nna, ^aronine KaK KOMOJieMcno-anajiHTHHecKoe, TaK n p-a^HHecKoe anajiHTn^ecKoe npo^ojiJKeHne 
L-cjjyHKiiHH. PaccMaTpHBaiOTca mbto/im nocTpoBHHa TaKHx L-ejaynKiinii n nx ceMencTB b cjiy^aax 
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G = GLa X GL2 X GL2 (cm. |Boe-Pa2nn6j l. G = GL2 x GSp2„ (cm. IBoe-Haj l , G = GSp2,„ x GSp2„, 
Hcnojibsya MeTO^ y^BoeHHH h ero p-a^HHecKHe BapnaHTbi, KOTopbie, npe^nojiojKHTejiBHO, npHMe- 
HHMbi H fljia CBepxcxoflfliiiHxca ("overconvergent") ceMeiicTB aBTOMop4)Hbix 4)opM, h yjKe pasBHTbi 
B 6ojiee npocTOM cjiy^ae rpynnbi G = GL2 b pa6oTax P.KojieMana, r.CTHBenca ( |CoPB) ). aBTopa 
( |PaSerre6) . |PaTVj ) h flpyrnx. 

p-a^HHecKHH noflxofl 

PaccMOTpHM nojie TsiiTa Cp = ^jih npocToro ^HCJia p. 3a4)HKCHpyeM BjioaceHne Q ^ Cp a 
6yfleM paccMOTpHBaTb ajire6paHHecKHe nncjia k&k p-apfnecKne nocpe^CTBOM ip. JXjisi p-aflH^ecKoro 
ceMeiicTBa k t-^ fk = SJ^i a„(fc)(7" e C Cp|g], K0^4)4)H^HeHTbI <l)ypbe o„(fc) 4)opM fk, a 

Taxace o^hh h3 p-napaMeipoB CaTaxe a{k) := a^p\k) aBJiaiOTCH p-aflH^^ecKHMH anajiHTHHecKHMH 
4)yHKLi,HflMH k an{k) npH (n,p) = 1. TpaflHiiHOHKbiii npHMep p-a^HHecKoro ceMeiicTBa ^aCTca 
pa^aMH BiiseHniTeHHa: 

a„(fc)= d^'\h^Eu,a^^\k) = l,a^^\k)^p''-\ 

d\7i^{d.p) — l 

CymecTBOBaHHe p-a^HHecKHx ceMeiicTB nojiojKHTejibHoro HaKjiona cr > 6bijio ycTaHOBjieno P.Kojie- 
ManoM HanoMHHM, ^to naKJiOH ^aCTca paBencTBOM a = ordp{a'p^ {k)) (h npe^nojiaraeTca nocTO- 
aHHbiM B p-a^HHecKoii OKpecTHOCTH Beca k). IIpHMep npocToro ^^HCJia p = 7, f = A, k = 12, 
07 = t(7) = —7 • 2392, (7 = 1 6biji paccMOTpen P.KojieManoM b |CoPB) . 

MOTHBHpOBKH paCCMOTpGHHa p-a^HHeCKHX CeMGHCTB 

npoHCxoflflT H3 rnnoTesbi Bep^a h CyHHHepTOHa-/Iaiiepa,CM. |Colm03) . /Jjia sjijinnTHHecKoii napa6o- 
jiH^ecKoii 4)opMbi Beca 2, HopMajiHSOBaHHoii co6cTBeHHoii (jjyHKiiHH onepaTopoB FcKKe f — f2, coot- 
BeTCTByiomeii sjiJinnTHT^ecKoii KpHBoii E no Yafijicy |Wi95j . paccMCTpnBaeTca ceMeiicTBO, co^epjKa- 
mee /. MojKHO nonbiTaTbca npH6jiH3HTbca Kfc = 2,s = lno BepTHxajibHOMy nanpaBJieHHro fc — > 2, 
BMecTO s — > 1, ^TO npHBOflHT K (J)opMyjie caa3biBaioiri,eH npoH3BOflHyK) no s b TOHxe s = 1 y p- 
aflH^ecKOH _L-(J)yHKi];HH c nponaBOflHon no A: b tohkc fc = 2 y p-afln^ecKoii aHajiHTH^ecKoii 4)yHKi];HH 

ap{k), CM. B |CST98j : j(l) = Lp{f )Lpj{\) with i^p{f ) = —2 — ^ — \k=2' npHMennMOCTn 
SToii (JjopMyjibi Heo6xoflHMO cymecTBOBanne nanien p-aflnnecKOH L-dipyHKUfm ^Byx nepcMennbix, 
nocTpoeHHoii b | IPaTVj . 

^jifl nocTpoenna p-a^n^ecKHX L-4)yHKU,Hii flByx nepeMennbix (fc,s), ncnojibsyeTca Teopna p- 
a^H^ecKoro HHTerpnpoBaHna. Hcnojib3yeTca nonaTne i/-flonycTHMOii Mepbi fljia naTypajibHoro ^nc- 
jia H onpeflejiennoro no naxjiony cr, KOTopbiii noaBjiacTca b stoh KoncTpyKiinn. 3aTeM p-a^n^ecKaa 
L-cjjyHKiiHa flByx nepeMennbix CTponTca h3 iJ-^onycTnMoii Mepbi co sna^ennaMn b pasnbix KOJibijax 
MO^yflapnbix 4)opM, b ^acTHOCTH, (|)opM 6jin3KHx k rojiOMop(i)nbiM (nearly holomorphic modular 
forms) . 

Mo^yjiapHbie cJjopMbi, 6jiH3KHe k rojiOMopcJjHbiM, h MeTO^ KaHOHnnecKOH 
npoeKij;HH 

IlycTb A - neKOTopoe nojie. HMBiOTca necKOJibKO p-a^nnecKnx no^xo^OB k n3yT^ennK) cneu,HajibHbix 
3naneHHH L-(J)ynKn,nH, Hcnojib3yioni,nx mbto^ KanoHH^ecKoii npoeKn,nH (cm. [Pa,TV]). B stom mb- 
TO^e cneiinajibHbie snanenna n MOflyjiapnbie chmbojim paccMaTpnBaiOTca xax yL-jinneiiHbie (JjopMbi 
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Ha npocTpancTBax MOflyjiapHbix 4)opM c KOScjjcjjHiiHeHTaMH b A. Mo^yjiapHbie 4)opMbi, 6jiH3KHe k 

rOJIOMOp4)HbIM (cm. [ShiAr] ) HEJIAIOTCH neKOTOpblMH 4)OpMajIbHbIMH pflflaMH 

oo 

g = ^a(n;i?)g"e^[g][i?] 

TaKHe, HTO Hafl A = <C npn noflCTanoBKe z = a; + z?/G]BI, i? = (47r2/)~"'^, pafl cxo^HTCfl k C°°-Hafl H 
flaHHoro Beca k h xapaKTepa ^Hpnxjie ^. Ko3(J)4)HLi,HeHTbi a(n; i?) HBJiHKJTca nojiHHOMaMH h3 
OTpaHHHeHHoii CTenenn. 

CeMGHCTBa TpOHHblX npOHSBe^eHHH 

flaiOT CBejKHii npHMep p-a^HnecKHx ceMencTB ^jia ajire6paH^ecKHx rpynn Bbicmero panra. 9tot ac- 
neKT 6biji Hsy^en 3.BexepepoM h A.IlaHHHniKHHbiM b pa6oTe [Boe-Pa2006| . TpoiiHoe npoHSBe/ieHHe 
c xapaKTepoM /JnpHxjie x onpe^ejiaeTca xax KOMnjieKcnaa L-4)yHKLi;Ha (aiijiepoBO npoHSBefleHne 
CTeneHH 8): 

Hh ® /2 ® /3, X) = n ^((/l ® /2 ® /3)P' 

r^e 

.((/.«/.«/3),.xr..*.(i,-A-(f ^?J«(f ^?J«(f 

Mbi HcnojibsyeM HopMajiHSOBaHHyro L-(i)yHK^HIO (cm. [De79] . [Co] . |Co-PeRij ): 

A(/i ® /2 ® /3, s, x) = rc(s)rc(s -h + i)rc(s - fcs + i)rc(s - fci + i)l(/i (g) ^ h, s, x), 

r^e rc(s) = 2(27r)~T(s). FaMMa-MHOJKHTejib onpeflejiaeT npumuHecKue auaneHusi 

s = ki, . . . ,k2 + h - 2 

2 

(JjyHKijHH A(s), KOTopbie HBHO BbiHHCJiaiOTCfl (noflo6HO KjiaccH^ecKoii (jjopMyjie C(2) = ■^). 
0yHK'nuoHajibHoe ypaeneHue ^Jia A(s) HMeeT ran 

s t—^ ki + k2 + k^ ~ 2 ~ s. 

PaccMaTpHBaeTca npoHSBe^eHne Tpex co6cTBeHHbix snaHenvm: 

A = X{k,,k2, fca) = al%i)al%2)al%3) 

c HaKJiOHOM CT — Vp{\{ki, k2, k^)) = <T{ki, k2, fcs) = (Ti + (72 + KOTopbra npe^nojiaraeTca nocmo- 
siHHUM u noAootcumeAbHUM fljia Bcex Tpoex {ki, k2, k^) b no^xo^ameii p-aflH^ecKoii OKpecTHOCTH 

(JjHKCHpOBaHHOH TpOHKH BeCOB (ki,k2,k^). 

<I>opMyjiHpoBKa npo6jieMbi 

fljia TpoHHbix npoHSBefleHHii: 

^jia Tpex ^aHHbix p-a^HHecKHx anajiHTHHecKHx ceMeiicTB fj HaKJiona aj > 0, nocTpoHTb 
p-a^HHecKyro anajiHTHHecKyK) L-(J)yHKLi,Hio HeTbipex nepeMenHbix, CBaaaHHyio c Tpoii- 
HbiM npoH3BefleHHM FappeTTa. 
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MeTO^ KaHOHHHecKofl npoeKLi,HH no3BOJifleT nocTpoHTb HHTepnojifliiHio cneijHajibHbix SHaneHHii 

{s,ki,k2,k2) I — > A(/i,fei 0/2,fe2 0/3,fe3>s>x) 
B KpHTHHecKHx TOHKax s = fci , . . . , A;2 + fcs — 2 fljia c6ajiaHCHpoBaHHbix BecoB 

ki<k2 + k3- 2; 

flOKasbiBaeTCH, ^to sth aHaneHHa HBjifliOTca ajire6paH^ecKHMH HHCJiaMH nocjie flejieHHH na neKO- 
Topbie "nepHOflbi". O^naKO kohctpykiihh p-aflH^ecKoii L-cjsyHKiiHH npsMO HcnojibsyeT MOflyjiapHbie 
(J)opMbi, BMecTO BbiHHCJieHHH paccMaTpHBaeMbix cneLi,HajibHbix snaHeHHii L-(J)yHKLi;Hfl, npHHeM cpaB- 
HeHHe cneiiHajibHbix SHaneHHii KOMnjieKCHoii h p-aflHHecKofl I/-(J)yHKLi;Hfl npoBOflHTca jiHinb nocAe 
nocmpoeHUJi. 

OcHOBHOH peayjibTaT ^jih TpoiiHbix npoHSBe^eHHH 

1) QyHKIIHH 

£f : (s, ki,k2,k3)^ 

saBHCHT p-a^HHecKH anajiHTHHecKH ot neTbipex nepeMennbix 

(X • y;, ki,k2, fca) G ^ X Bi X S2 X S3; 

2) CpaBHeHHe KOMnjieKCHbix h p-a^HHecKHx SHaneHHii: fljia Bcex {ki,k2,k3) b neKOTopoii p- 

aflHHeCKOH OKpeCTHOCTH 

S = 'Bi X X C -'i^'^, yAOBJieTBopHiomHx ki < k2 + k^ — 2, SHaneHHa BS = /c2 + fc3 — 2 — r 

COBnaflaiOT C HOpMajIHSOBaHHblMH KpHTHneCKHMH 3HaHeHHflMH 

L*{hM h,k2 O /3,fe3,fc2 + ^3 - 2 - r,x) {r = 0, . . . ,k2 + ks - ki - 2) , 

fljia xapaKTepoB /InpHxjie x mod Np"", v > 1. 

3) SaBHCHMOCTb OT X G X : nyCTb H = [2ordp(A)] + 1. ^Jia npOHSBOJIbHblX (|)HKCHpOBaHHbIX 

(fci, k2, fcs) G n X = X' Up JiHHeiiHaH (J)opMa (npeflCTaBJiaiomafl MO^yjiapHbie chmbojim ajih 

TpOHHblX MOflyjiapHblX (J)OpM) 

(f",£(-^,x)) 

npo^ojiJKaeTCfl p-a^HHecKoii aHajiHTHHecKoii (jjyHKiiHH THna o(log^(-)) no nepeMenHofl 
xGX. 

06ii];aH nporpaMMa nocTpoeHHH p-a^nnecKHx ceMeiicTB h L-(|)yHKi];HH 

Mbi njiaHHpyeM pacnpocTpanHTb flanHbiii MeTOfl na pa^ flpyrnx CHTyaijHfl cjieflyiomHM o6pa30M: 

1) IIocTpoeiiHe MOflyjiapHbix pacnpe^ejieHHii $j co SHaHeHHAMH b 6ecKOHeHHOMepHofl 6amHe 
npocTpancTB MO^yjiapHbix (J)opM JA{ip). 

2) HpHMeHeHHe onepaTopa KaHOHHHecKofl npoeKiiHH THna tTc na KoneHHOMepHoe no^pocTpan- 
CTBO M"(V') of M"(V'). 
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3) 06iri,Hii KpHTepnii ^onycTHMOCTH. CeMeiicTBO pacnpe^ejieHHii na{^j) co sna^eHHaMH b M"(V') 
flaeT /i-flonycTHMyio Mepy $ co SHa^eHHSMH b neKOTopoM MO^yjie KoneHHoro panra. 

4) IIpHMeHeHHe HeKOTopoii jiHHeiiHoii (jjopMbi i THna MOflyjiapHoro CHMBOJia ^aei pacnpeflejieHHH 
II j = ^(7rQ,($j)), H HeKOTopyio flonycTHMyio Mepy hcxo^h h3 cpaBHeHHii Me>Kfly MO^yjiapHMMH 

4)OpMaMH TTai^j). 

5) ^OKasbiBaeTCH, ^to neKOTopbie HHTerpajiM f^jix) pacnpe^ejieHHii /ij coBna^aroT c onpe^ejien- 
HbiMH cneiinajibHbiMH 3Ha^eHHflMH L-(J)yHKi];Hii; oflnaKO snanHe sthx HHTerpajiOB ne Tpe6yeTca 
fljifl onpe^ejieHHH nep (sth Mepbi yjKe onpeflejienbi na STane 4). 

6) /JoKasbiBaeTca peayjibTaT o e^HHCTBenHOCTH nocTpoenHbix /i-^onycTHMbix Mep: ohh oflHOsnaH- 
HO onpe^ejiHiOTCfl saflaHHeM mhophx HHTerpajiOB no xapaKTepan /Jnpnxjie (ne o6fl3aTejibHO 
no bcbm). 

7) B 6ojibmHHCTBe cjiy^aeB mojkho ^oxasaTb nexoTopoe 4)yHKLi,HOHajibHoe ypabneHHe ^jih nocT- 
poeHHoii Mepbi ^ (c ncnojibsOBanneM e^HHCTBeHHOCTH h3 6), n npHMenaa apxHMeflOBO (J)yHK- 
iIHonajibHoe ypabneHHe fljia cneiinajibHbix 3Ha^^eHHH L-cJaynKiinii {ajire6paH^ecKHMH HHCJia- 
MH, BbnHCJieHHbiMn Ha 9Tane 5). 

9Ta CTpaTerna yjKe npHMenena b pafle cjiy^aeB. 

8 KoHCTpyKi];HH HKe^fci— MnaBaKH h hx j9-aflHHecKHe BepcHH 

Hxefla o6o6m,HJi b 1999 ro^y (cm. IlkeOll l no^'beM CanTO-KypoKaBbi h3 MO^yjiapHbix 4)opM o^- 
Hoii nepeMCHHOH co 3HaneHHHMH b 3HrejieBbix MOflyjiapHbix (jaopMax po^a 2: npn ycjiOBnn, ^to 
n = fc(mod2) cymecTBycT nofliaeM sjijinnTH^ecKoii napaGojinnecKoii (jsopMbi, HopMajiH30BaHHOH 
co6cTBeHHOH (|)yHKLi,HH ouepaTopoB FeKKe / € S'2A;(ri) ^o 3HrejieB0H napa6ojiH^ecKOH (jaopMbi, 
coficTBeHHoii 4)yHKLi,HH onepaTopoB FeKKe F G <S'n+fe(r2n) TaKoii, hto CTan^apTHaa ^3eTa-4)yHKn;Hfl 
L{St{F), s) (J)opMbi F (cTenenn 2n) ;;aeTCfl flseTa-cJayHKiinen FeKKe (J)opMbi / nocpe^CTBOM paBen- 
CTBa 

2n 

as)l[L{f;s + k + n~j). 

(sTOT noflTjCM 6biji 6bijio npe^nojioJKen /JbiOKOM n IlMMaMorjiy b |DI98j ). SaMCTHM, hto napaMCTpbi 
CaTaKC 4)opMbi F mojkho Bbi6paTb b bh^c /So, . . . , (32n, r^e 

f3o = = ap^-'/'{z = 1, . . . ,n),/3„+. = a-'p'-'/', 

H (1 - 5p'=-i/2X)(l - &-^p''-^/'^X) = 1 - a{p)X + p'^'^-^X'^, cm. |MurQ2) . Lemma 4.1, p.65 (laK 
^TO a = ap*^^^/^, a = ap^^"^^^ b namnx npescnnx o6o3Ha^eHnflx) . 

rnnoTesa HKe^bi— MnaBaKH 

IlycTb k ncTHoe nojioJKHTejibHoe nncjio, / G S'2fe(ri) sjijiHUTHnecKafl napa6ojiH^ecKafl (|)opMa, nop- 
MajiH30BaHHaH co6cTBeHHaH 4)yHKn,nfl onepaTopoB FeKKe Beca 2k, F2 G Sk+i(r2) ~ Maass{f) 
nofl-bCM Maacca (J)opMbi /, h BOo6m,e F2n & S'fe+n(r2„) no^teM HKe^bi (|)opMbi / (npe^nojiara- 
BTCH, HTO k = n mod 2, n G N). SaTCM hojiojkhm g G Sk+n+r(^r) 3HrejieBa MOflyjiapnaa (j^opMa, 
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HopMajiHSOBaHHaa co6cTBeHHaH (|)yHKLi,HH onepaTopoB FeKKe po^a r h eeca k + n + r, c n,r > 1. 
MHHBaKH npe^nojiojKHJi b |Mi92j . a HKe^a ^OKasaji B [Ike06| cjie^yiomHH pesyjibTaT: cymecTByeT 
snrejieBa MOflyjiflpnaa 4)opMa, HopMajinsoBaHHaa co6cTBeHHaa (jjyHKiiHH onepaTopoB FeKKe J'/^g S 

S'fe+„+r(r2„+r), TaKafl,HTO 

2n 

L(s, IF/,,,, 5<) = i(s, 5, 5i) n + + " - J. /) 

p-a^HHecKHe BepcHH KOHCTpyKij;HH HKe^M— MnaBaKH 

Tenepb paccMOTpHM p-a^HHecKoe ceMeficTBO 

oc 
n=l 

c K03(J)(J)HLi,HeHTaMH 3>ypbe o„(fc) (jjopM /fc H c o/iHHM H3 p-napaMeTpoB CaTaKe a(fc) := a^\k) 
Ba^aHHbiMH HeKOTopbiMH aHajiHTHHecKHMH p-a^HHecKHMH 4)yHKi];HaMH /c I— > a„ (fc) fljifl Bcex (n, p) = 
1. 

Tor^a K03(|)(|)HLi,HeHTbi <l>ypbe MOflyjiapHbix 4)opM F = F^n f,g = ^ fk,g MoryT 6biTb BbipajKenbi 
B HBHOM BH^e ^epe3 K034)4)HLi,HeHTbi (J)opM /fe , ^TO flaCT HOBbie npHMepbi p-a^HHecKHx ceMeiicTB 
3HrejieBbix MOflyjiapHbix (jjopM. 

Othgthm, ^to napaneTpbi CaiaKe 4)opMbi F hmgiot bh^ /?o, . . . , /?2n, r^e 

= pnk-n(n+l)/2^p^ ^ a{k)f-\f3n+, = a(fc) " ' = 1, • ■ • , n). 

IIpHSHaTejIbHOCTb HBTopa 

HcKpeHHe 6jiaroflapio SnrcjjpHfla Bexepepa, CTe^ena rejib6apTa, CojiOMona <I>pHfl6epra h Ba^HMa 
3yflHjiHHa 3a iiennbie Ha6jiiofleHHH h o6cyjKfleHHfl. 

B oco6eHHOCTH H 6jiaroflapeH h npH3HaTejieH K)pHK) BajieHTHHOBHHy HecTepenKO 3a npnrjia- 
ineHHe na MeiK^ynapo^HyK) KOHcjaepeHiiHro "^HOcjaanTOBbi h anajiHTHHecKHe npo6jieMbi b TeopHH 
^Hceji" naMHTH A.O.rejibcJjOH^a b Mockobckom yHHBepcHTeTe, h 3a npefljiojKeHHe no^roTOBHTb 
CTaTbio fljia C6opHHKa Tpy^OB KOH^jepeniiHH. 
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